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Horizontal biminimal general helices in the 
Lorentzian Heisenberg group Heis® 
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Abstract In this paper, we study timelike biminimal curves and we characterize non-geodesic 
timelike horizontal biminimal general helix in terms of its curvatures and torsions in the 


Lorentzian Heisenberg group Heis? We find out their explicit parametric equations. 


Keywords Heisenberg group, biminimal curve, general helix. 


81. Introduction 


Let f : (M,g) — (N,h) be a smooth function between two Lorentzian manifolds. f is 
harmonic over compact domain 2 C M if it is a critical point of the energy 


E(f)= [ h (df, df) dvg, 


where dvg is the volume form of M. From the first variation formula it follows that is harmonic 
if and only if its first tension field 7 (f) = tracey Vdf vanishes. 

Harmonic maps between Riemannian manifolds were first introduced and established by 
Eells and Sampson |) in 1964. Afterwards, there were two reports on harmonic maps by Eells 
and Lemaire |7*! in 1978 and 1988. 

The bienergy E2(f) of f over compact domain 2 Cc M is defined by 


Ba (f) = fr A). 7 AY) ae, 


where 7 (f) = trace,Vdf is the tension field of f. Using the first variational formula one sees 
that f is a biharmonic function if and only if its bitension field vanishes identically, i.e. 


F(f) = —Af(r(f)) — trace, R (df, r(f))df = 0, 


where 


Af = —trace,(V)* = —traceg (viv! - View) (1) 


is the Laplacian on sections of the pull-back bundle f~!(T'N) and R% is the curvature operator 
of (N,h) defined by 
R(X, Y)Z = [Vx, Vy]Z — VixyjZ. 


Biharmonic maps, which generalized harmonic maps, were first studied by Jiang [!!12] in 


1986. 
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In the last decade there has been a growing interest in the theory of biharmonic maps which 
can be divided in two main research directions. On the one side, constructing the examples and 
classification results have become important from the differential geometric aspect. The other 
side is the analytic aspect from the point of view of partial differential equations [?:13:16.21,22] 
, because biharmonic maps are solutions of a fourth order strongly elliptic semilinear PDE. 
In differential geometry, harmonic maps, candidate minimisers of the Dirichlet energy, can be 
described as constraining a rubber sheet to fit on a marble manifold in a position of elastica 
equilibrium, i.e. without tension !], However, when this scheme falls through, and it can, as 
corroborated by the case of the two-torus and the two-sphere |!, a best map will minimise this 
failure, measured by the total tension, called bienergy. In the more geometrically meaningful 
context of immersions, the fact that the tension field is normal to the image submanifold, 
suggests that the most effective deformations must be sought in the normal direction. 

An isometric immersion f : (M,g) — (N,h) is called a \—biminimal immersion if it is a 


critical point of the functional: 
E2.(f) = Ex(f) +AE(f) , AER. 


The Euler-Lagrange equation for A—biminimal immersions is 


7(f)~ = Ar(f). (2) 


Particularly, f is called a biminimal immersion if it is a critical point of the bienergy 
functional E2 with respect to all normal variation with compact support. Here, a normal 
variation means a variation {f,} through f = fo such that the variational vector field V = 
df,/dt|,-9 is normal to M. 

The Euler-Lagrange equation of this variational problem ist(f)+ = 0. Here T(f)+ is the 
normal component of T(f). 

In this paper, we study biminimal curves in Heisenberg group Heis*® and we characterize 
non geodesic biminimal general helix in Heisenberg group Heis*. Then we prove that the non- 
geodesic biminimal general helices are circular helices. Finally, we describe horizontal biminimal 


general helices in Heis® and we find out their explicit parametric equations. 


§2. Lorentzian Heisenberg group Heis® 


The Heisenberg group Heis? can be seen as the space R* endowed with the following 


multiplication: 


(7,9, 2)(@,y,2) =(@+a,y+y,2+2—- Ty + 29). 


Heis® is a three-dimensional, connected, simply connected and 2-step nilpotent Lie group. 
The Lorentz metric g is given by: 


g = —da* + dy? + (ady + dz)’, 


where 


wi = dz + ady, w? = dy, w = dx 
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is the left-invariant orthonormal coframe associated with the orthonormal left-invariant frame, 


3) ) () () 


~ Ay oa! Oa Fig (3) 


for which we have the Lie products 
[e2,€3] = 2e1, [e3,¢1]=0, [e2,e1] = 0, 


with 


g(e1,€1) = g(e2,e2) =1, gles,e3) = —1. (4) 


Proposition 2.1. For the covariant derivatives of the Levi-Civita connection of the left- 


invariant metric g, defined above the following is true: 


where the (7, 7)-element in the table above equals V.,e; for our basis 
{ex,k =1,2,3} = {e1, €2, es}. 
We adopt the following notation and sign convention for Riemannian curvature operator: 
R(X, Y)Z = -VxVyvyZ4 VvVxZ4 VixyZ. 
The Riemannian curvature tensor is given by 
R(X, Y,Z,W) = g( R(X, Y)Z,W). 
Moreover we put 
Rave = R(ea, €b)€c, Rabea = R(€a; €b; €cs Ca); 


where the indices a,b,c and d take the values 1,2 and 3. 
Then the non-zero components of the Riemannian curvature tensor field and of the Rie- 


mannian curvature tensor are, respectively, 
Ria = —e2, Rizi = —e3, Roo = 3¢3, 


and 


Rigz2=—1, Riy3zi3=1, R323 = —3. (6) 
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§3. Biminimal curves in Lorentzian Heisenberg group Heis® 


Let y : I —> Heis® be a timelike curve on the Lorentzian Heisenberg group Heis? 
parametrized by arc length. Let {T,N,B} be the Frenet frame fields tangent to Lorentzian 
Heisenberg group Heis® along 7 defined as follows: T is the unit vector field 7’ tangent to y, N 
is the unit vector field in the direction of VrT (normal to y), and B is chosen so that {T, N, B} 
is a positively oriented orthonormal basis. Then, we have the following Frenet formulas: 


Vrl = EN, 
VrN = kT+7B, (7) 
VrB = -TN, 


where k is the curvature of y and 7 is its torsion. With respect to the orthonormal basis 


{e1, €2,e3} we can write 


T = Tye, + Teeg + T3e3, 


2 


= Nye + Noe2 + N3e3, 
B= TxN= Bye, + Boyeg + B3e3. 


Theorem 3.1. Let y : ] —> Heis® be a non-geodesic timelike curve parametrized by arc 


length. Then, y is a timelike non-geodesic biminimal curve if and only if 


ko +k — kr? = k(1—4B?), (8) 
Qrk' + kr’ = 2kN, By. (9) 


Proof. Using (1) we have 


Ty) = V3RT-—kR(T,N)T 
= (-3kk’)T + (k" +k? —kr?)N + (27k + kr')B —KR(T, NYT. 


From the vanishing of the normal components of T(7) we get 


k” +k? — kr? — KR(T,N,T,N) 
ark’ + kr’ — kR(T,N,T,B) 


0, (10) 
0. 


Since k 4 0 by the assumption that is non-geodesic. A direct computation using (6), yields 
R(T,N,T,N)=1—4B?, 


and 
R(T,N,T,B) =2N,B,, 


these, together with (10), complete the proof of the theorem. 
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84. Biminimal general helix in the Lorentzian Heisenberg 
group Heis® 


Definition 4.1. Let y: I —> Heis® be a curve and {T, N, B} be a Frenet frame on Heis® 
along y. If & and 7 are positive constant along y, then ¥ is called circular helix with respect to 
Frenet frame [115], 


Definition 4.2. Let y: I —> Heis? be a curve and {T, N, B} be a Frenet frame on Heis® 
along y. A curve ¥ such that 
k 
— = constant (11) 
= 
is called a general helix with respect to Frenet frame !!!5), 
Theorem 4.3. Let y : I —+ Heis® be a non-geodesic timelike biminimal general helix 
parametrized by arc length. If N,B, =constant, then ¥ is circular helix. 


Proof. We can use (7) to compute the covariant derivatives of the vector fields T, N and 
B as: 


Vrl = Tier + (T5 +2T1T3)e2 + (T3 + 2T1T2)e3, 
VrN = (Ni +T2N3 —73Ne)e1 + (N35 + T,N3 + T3M1)e2 
(Ni + ToN, + T1No)es, (12) 
VrB = (Bi +72B3 —T3B2)e, + (Bh +7, B3 +T3Bi)e2 
+(By + T2B, + T, Bo)e3. 


It follows that the first components of these vectors are given by 


< VrT,e1 >= Ti, 
< VrN,e1 >= Ni + T2N3 — T3No, (13) 
< VrB,e, >= By + T>B3 — 7T3Bpo. 


On the other hand, using Frenet formulas (7) we have 


< Vr, ey >= KN}, 
< VrN,er >= 467, 4+ 7B, (14) 
< V7B,e, >= —-TN}. 


These, together with (13) and (14) give 


Ty => KN, 
Nj + T2N3 — T3No — KT, + 7B, (15) 
Bi + T)B3 = T3Bo => —TN,. 


From (15), we have 
Bi =(1—7T)N). (16) 
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Suppose that y is a be a non-geodesic biminimal general helix with respect to the Frenet 
frame {T, N, B}. Then, 


k; 
We have 
kr =w'k. (18) 
We substitue (18) in (9), we obtain 
2 2 
k= = MB, r= SMB. (19) 
From NB, =constant, it follows that 
k’ =0. (20) 
We substitue (20) in (8), we obtain 
k? —7? =1—4B?. (21) 
Next we replace r = * in (21) 
2 a 2 
k? = = — (1 ~ 4B}). (22) 


Equation (22) derived and taking into account (16) and (19), becomes 


ae aS —1). (23) 
Substituting (17) in (23) we have 
k = constant. 


From (17) we obtain 


T = constant, 


which implies y circular helix. 


Corollary 4.4. y : I —> Heis® is non-geodesic timelike biminimal general helix if and 


only if 
k = constant 4 0, 
T = constant, (24) 
NiBi = 0, 
eo? = -1+4B?. 


Proof. Using Theorem 3.1 and Theorem 4.3, we have (24). 
Corollary 4.5. i) If Nj 40, then y is not biminimal general helix. 
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ii) If Ny =0, then 
T(s) =sinh doe + cosh go sinh w)(s)e2 + cosh do cosh w(s)es, (25) 
where ¢o € R. 
Proof. i) We use the third equation of (15) we obtain 


(1—7r)N, =0. (26) 


Using N; 4 0 we have 
T=. (27) 


Assume now that ¥ is biminimal general helix. If we substitue (26) in (24) we obtain 
k= 487, (28) 
By multipliying both side of (27) with N, we obtain 
k?N, = 4B,(B,N)). 


Using (24) and N; 4 0 we have k = 0. These, together with Corollary 4.4 complete the 


proof of the corollary. 


ii) Since y is parametrized by arc length, we can write 


T(s) = sinh f(s)e1 + cosh ¢(s) sinh W)(s)e2 + cosh 6(s) cosh w(s)e3. (29) 
From (15) we obtain 
Ti = kN. 
Since N, = 0 we have 
Ti =0. 


Then T, is constant. Using (29) we get 
T, = sinh ¢p = constant. 


We obtain (25) and corollary is proved. 


85. Horizontal biminimal general helix in the Lorentzian 
Heisenberg group Heis® 


Consider a nonintegrable 2-dimensional distribution (x,y) —> H(«,y) in R’ = RZ, y) x Re 
defined as H = kerw, where w is a 1-form on R?. The distribution H is called the horizontal 
distribution. 

A curve s —> 7(s) = (x(s),y(s), 2(s)) is called horizontal curve if y'(s) € Hs), for every 
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Lemma 5.1. Let y : J — Heis® be a horizontal curve and w is a 1-form on Heis?. Then, 


w(7'(s)) = 0. (30) 
Proof. We use the equation of 7, 
9'(s) = x'(s)Oz + y/(s)Oy + 2’(8) dz. (31) 
From (3) we have 
0 ) 
= €3, Dy =€24+ £e3, i el. (32) 


Substituting (32) into (31) we obtain 
(8) = 2"(s)es + y/(s)er + w(7'(8)) Oz. 
Since 7 is assumed to be a non-geodesic horizontal curve we have (30). 
Lemma 5.2. y: I —> Heis® be a horizontal curve if and only if 
(8) =2'(s)es t+ y/(s)e2, w(7'(s)) = 2/(s) + x(s)y/(s). (33) 


If y(s) is horizontal curve, then we have 


(8) = 2'(s)es + y'(s)e2 = 2"(8) a + v'(s)5, ~ #(s)y'(s) = (34) 
Using (3) and (34) we obtain 
T = T3 2 + De + (Ti n(s)P) 2. (35) 


Theorem 5.3. Let y : 1 —> Heis® be a timelike horizontal biminimal general helix. Then 


explicit parametric equations of ¥ are: 


1 
a(s) = i ne) ya 
1 
y(s) = iW cosh(|k| s+ c) + aa, (36) 
(s) : sinh 2(|k| s + c) a cosh(|k| s +c) : + 
z(s) = ——Wsin s+c)— —cos s+c)—-—s4+43, 
4 |k [Ki] an 


where ¢o, @1, 42,a3,c € R. 
Proof. The covariant derivative of the vector field T is: 


Vrl = Tie. + (TS + 2T\T3)e2 + (T3 + 2T,T>)e3. 
From (25) we have 


Vrl. = (wv cosh do cosh w(s) + 2 sinh ¢9 cosh ¢9 cosh w(s))e2 + 
(~’ cosh ¢ sinh w(s) + 2sinh do cosh do cosh y)(s) )e3. 
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Since |VrT| = k we obtain 


vs) =(—# = — sinh do)s+ 6 (37) 


where cE R. 
To find equations for timelike horizontal biminimal general helix y(s) = (a(s), y(s), 2(s)) 
on the Lorentzian Heisenberg group Heis® we note that if 


d 
7 =f = Tye, + The + T3e3, (38) 
and our left-invariant vector fields are 
Be. Gh eee 
1 Az? 7 ay dz? Oa’ 
then 
ce € e €2 + xe g € 
ag 3) dy 27 3) Oz 1- 
Therefore we easily have: 
dx k . 
a cosh og cost — 2sinh ¢o)s + cl], 
dy = cosh ¢o sinh|( Le 2sinh ¢o)s +c] (39) 
ds cosh ¢o 
dz |k;| : 
— sh sh — 2sinh 
qs cosh oo cos (Sn rs sinh ¢o)s + ¢| 


—2(s) cosh ¢o sinh —F — 2sinh ¢o)s + c]. 


On the other hand, using (34) and (35) we have 
ve = sinh po = 0. (40) 


Thus, we have 
cosh $9 = 1. (41) 


Substituting (40) and (41) into (39) we get (36). Hence, the proof is completed. 


Acknowledgement 


The author would like to thank to the anonymous referee for helpful suggestions. 


References 


[1] R. Caddeo, S. Montaldo and C. Oniciuc, Biharmonic submanifolds of S?, International 
Journal of Mathematics, 12(2001), No. 8, 867-876. 


10 Essin Turhan and Talat K6rpinar No. 2 


2| S. Y. A. Chang, L. Wang and P. C. Yang, A regularity theory of biharmonic maps, 
Comm. Pure Appl. Math., 52(1999), 1113-1137. 

3] Y. J. Chiang and R. Wolak, Transversally biharmonic maps between foliated Rieman- 
nian manifolds, International Journal of Mathematics, 19(2008), No. 8, 981-996. 

4] Y. J. Chiang and H. Sun, 2-harmonic totally real submanifolds in a complex projective 
, Bulletin of the Institute of Mathematics, Academia Sinica, 27(1999), No. 2, 99-107. 

5] Y. J. Chiang and H. Sun, Biharmonic maps on V -manifolds, International Journal of 
Mathematics and Mathematical Sciences, 27(2001), No. 8, 477-484. 

6] J. Eells Jr. and J. H. Sampson, Harmonic mappings of Riemannian manifolds, American 
Journal of Mathematics, 86(1964), No. 1, 109-160. 

7| J. Eells and L. Lemaire, A report on harmonic maps, The Bulletin of the London 
Mathematical Society, 10(1978), No. 1, 1-68. 

8] J. Eells and L. Lemaire, Another report on harmonic maps, The Bulletin of the London 
Mathematical Society, 20(1988), No. 5, 385-524. 

9] J. Eells, J. C. Wood, Restrictions on harmonic maps of surfaces, Topology, 15(1976), 
263-266. 

10] J. Inoguchi, Biminimal submanifolds in contact 3-manifolds, Balkan Journal of Geom- 
etry and Its Applications, 12(2007), No. 1, 56-67. 

11] G. Y. Jiang, 2-harmonic maps and their first and second variational formulas, Chinese 
Annals of Mathematics. Series A, 7(1986), No. 4, 389-402. 

12] G. Y. Jiang, 2-harmonic isometric immersions between Riemannian manifolds, Chinese 
Annals of Mathematics, Series A, 7(1986), No. 2, 130-144. 

13] T. Lamm, Biharmonic map heat flow into manifolds of nonpositive curvature, Calc. 
Var., 22(2005), 421-445. 

14] E. Loubeau and C. Oniciuc, On the biharmonic and harmonic indices of the Hopf map, 
Transactions of the American Mathematical Society, 359(2007), No. 11, 5239-5256. 

15] B. O’Neill, Semi-Riemannian Geometry, Academic Press, New York, 1983. 

16] P. Strzelecki, On biharmonic maps and their generalizations, Calc. Var., 18(2003), 
401-432. 
17] E. Turhan, Completeness of Lorentz Metric on 3-Dimensional Heisenberg Group, In- 
ternational Mathematical Forum, 3(2008), No. 13, 639-644. 

18] E. Turhan and T. Korpinar, Characterize on the Heisenberg Group with left invariant 
Lorentzian metric, Demonstratio Mathematica, 42( 2009), No. 2, 423-428. 

19] E. Turhan and T. Korpinar, On Characterization Of Timelike Horizontal Biharmonic 


space 


Curves In The Lorentzian Heisenberg Group Heis®, Zeitschrift fiir Naturforschung A- A Journal 
of Physical Sciences. (in press) 

[20] E. Turhan and T. K6érpinar, The Weierstrass Representation For Minimal Immersions 
In The Lie Group H3 x S!, J. Adv. Math. Studies. (in press) 

[21] C. Wang, Biharmonic maps from R* into a Riemannian manifold, Math. Z., 247(2004), 
65-87. 

[22] C. Wang, Remarks on biharmonic maps into spheres, Calc. Var., 21(2004), 221-242. 


Scientia Magna 
Vol. 6 (2010), No. 2, 11-19 


Robust stability of switched linear systems with 
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Abstract We use a Lyapunov-Krasovskii functional approach to establish the exponential 
stability of linear systems with time-varying delay. Our delay-dependent condition allows to 
compute simultaneously the two bounds that characterize the exponential stability rate of the 


solution. A simple procedure for constructing switching rule is also presented. 


Keywords Switched system, time delay, exponential stability, Lyapunov equation. 


§1. Introduction 


As an important class of hybrid systems, switched system is a family of differential equa- 
tions together with rules to switch between them. A switched system can be described by a 


differential equation of the form 
“= falt,x), 


where {fa(.) : @ € QO}, is a family of functions that is parameterized by some index set 2, 
and a(-) € 2 depending on the system state in each time is a switching rule/signal. The set 
Q is typically a finite set. Switched systems arise in many practical models in manufacturing, 
communication networks, automotive engine control, chemical processes, and so on; see for 
example [3, 6, 9]. During the previous decade, the stability problem of switched linear systems 
has attracted a lot of attention (see e.g. [4, 7, 8] and the references therein). The main 
approach for stability analysis relies on the use of Lyapunov-Krasovskii functionals and LMI 
approach for constructing common Lyapunov function !]. Although many important results 
have been obtained for switched linear systems, there are few results concerning the stability 
of the systems with time delay. Under commutative assumption on the system matrices, the 
authors of [5] showed that when all subsystems are asymptotically stable, the switched system 
is asymptotically stable under arbitrary switching rule. The paper [14] studied the asymptotic 
stability for switched linear systems with time delay, but the result was limited to symmetric 
systems. In [7, 12], delay-dependent asymptotic stability conditions are extended to switched 
linear discrete-time linear systems with time delay. The exponential stability problem was 
considered in [15] for switched linear systems with impulsive effects by using matrix measure 
concept and in [16] for nonholonomic chained systems with strongly nonlinear input /state driven 
disturbances and drifts. In recent paper [2], studying a switching system composed of a finite 
number of linear delay differential equations, it was shown that the asymptotic stability of this 
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kind of switching systems may be achieved by using a common Lyapunov function method 
switching rule. There are some other results concerning asymptotic stability for switched linear 
systems with time delay, but we do not find any result on exponential stability even for the 
switched systems without delay except [15, 16]. On the other hand, it is worth noting that the 
existing stability conditions for time-delay systems must be solved upon a grid on the parameter 
space, which results in testing a nonlinear Riccati-like equation or a finite number of LMIs. In 
this case, the results using finite gridding points are unreliable and the numerical complexity 
of the tests grows rapidly. Therefore, finding simple stability conditions for switched linear 
systems with time-delay is of interest. 

In this paper, we study the exponential stability of a class of switched linear systems with 
time-varying delay. The system studied in this paper is time-varying under a switching rule de- 
pendent on continuous system states. A delay-dependent condition for the exponential stability 
are formulated in terms of a generalized Lyapunov equation for linear systems with time-varying 
delay, which allows easily to compute simultaneously the two bounds that characterize the ex- 
ponential stability rate of the solution. A simple procedure for constructing switching rule is 
presented. The results obtained in this paper can be partly considered as extensions of existing 
results for linear time-delay systems and for switched linear systems without time delays. 

The organization of this paper is as follows. Following the introduction and the problem 
motivation, Section 2 presents the notation, definitions and auxiliary propositions. The main 


result is given in Section 3 and followed by an numerical example and conclusion. 


§2. Problem formulation 


The following notations will be used throughout this paper. R* denotes the set of all 
non-negative real numbers; R” denotes the n—finite-dimensional Euclidean space, with the 
Euclidean norm ||.|| and scalar product x7y of two vectors x,y. R"*™ denotes the set of 
all (n x m)—matrices; Amax(A)(Amin(A), resp.) denotes the maximal number (the minimum 
number, resp.) of the real part of eigenvalues of A; A? denotes the transpose of the matrix A; 
Q > 0(Q > 0, resp.) means Q is semi-positive definite (positive definite, resp.). 


Consider a switched linear system with time-varying delay of the form 


“(t) = Aga(t) + Dyx(t—h(t)), teER, 1) 

o(t)=9(), te [-h,0), 
where a(t) € R” is the continuous trajectory of system, A,,Da € R”*” are given constant 
matrices, ¢(t) € C([—h,0],R”) is the initial function with the norm ||4|| = sup.e;_n Il ¢(s)|I- 
a(a) : R" + QO := {1,2,...,N} is the switching rule, which is a piece-wise constant function 
depending on the state in each time. A switching rule is a rule which determines a switching 
sequence for a given switching system. Moreover, a(#) = i implies that the system realization 
is chosen as [A;, Bi], i = 1,2,...,N. It is seen that the system (1) can be viewed as an linear 
autonomous switched system in which the effective subsystem changes when the state x(t) 
hits predefined boundaries; i.e., the switching rule is dependent on the system trajectory. The 
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time-varying delay function h(t) satisfies the following assumption 


VAAN Shy. SG. A < we. 

This assumption means that the time delay may change from time to time, but the rate of 
changing is bounded. Also, due to the upper bound, the delay can not increase as fast as 
the time itself. In fact, the function h(t) can be different for each subsystem; i.e., it should be 
denoted by h;(t), but we assume h;(t) be the same value in this paper for convenient formulation. 

The exponential stability problem for switched linear system (1) is to construct a switching 
rule that makes the system exponentially stable. 

Definition 2.1. Switched linear system (1) is exponentially stable if there exists switching 
rule a(.) such that every solution x(t, 6) of the system “, satisfies the condition 


M>0, 5>0: |x(t,¢)|| < Me~* |||], Vt e Rt. 


The numbers N > 0 and 6 > 0 are called the stability factor and decay rate of the system. 
Definition 2.2.1 System of symmetric matrices {L;}, i = 1,2,...,N, is said to be 
strictly complete if for every 0 4 x € R” there is i € {1,2,..., N} such that x7 Ljx <0. 
Let us define the sets 


0, ={ee Re? Lie <0}, 1=1,2 N. 


pees 


It is easy to show that the system {L;}, i = 1,2,...,N, is strictly complete if and only if 
UN 2, = BP \ fo. 

Remark 2.3. As shown in [10], a sufficient condition for the strict completeness of the 
system {L;} is that there exist numbers 7; > 0, 7 = 1,2,...,N, such that Sam 7; > 0 and 


N 
y, TL; <= 0, 
w=1 


and in the case if N = 2, then the above condition is also necessary for the strict completeness. 
Before presenting the main result, we recall the following well-known matrix inequality and 
Lyapunov stability theorem for time delay systems. 
Proposition 2.4. For any « > 0, z,y € R”, we have 
—2QaTy < ec tate teyly. 


Proposition 2.5.!] Let a; := {a(t +s), s € [—h,0]}. Consider nonlinear delay system 


&(t) = f(t,e), 
x(t) = o(t), 
f(t,0) =0,t ERT. 
If there exists a Lyapunov function V(t, x;) satisfying the following conditions: 
(i) There exists \; > 0, Az > 0 such that 2,||x(t)||? < V(t, 24) < Aze||z+||?, for all te RT, 


(ii) Ve(t, 24) = on + a F(t, v4) <0, for all solutions x(t) of the system, 


then the solution x(t, @) is bounded: There exists N > 0 such that ||x(¢,¢)|| < N||@l|, for all 
teRt. 
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§3. Main result 


For given positive numbers pu, 6, h,€ we set 
B = (1 ~~ pw), 
L,(P) = AT P+ PA; + «~1e?*" D? PD, + (€8 + 26)P. 
SP ={2eER": 27 L,(P)x <0}, 


t—-1 
SP=sp, SP=SP\ USP, 1=2,3,...,N, 
j=l 
Amax(D) = Se Dises (2 De), 


The main result of this paper is summarized in the following theorem. 

Theorem 3.1. Switched linear system (1) is exponentially stable if there exist positive 
numbers €,6 and symmetric positive definite matrix P € R"*” such that one of the following 
conditions holds 


(i) The system of matrices {L;(P)}, i= 1,2,...,N, is strictly complete. 


(ii) There exists 7 > 0, i=1,2,...,N, with 7%, 7; > 0 and 
N 
Ss miP) <0. (2) 
i=1 


The switching rule is chosen in case (i) as a(a(t)) = i whenever x(t) € S;, and in case (ii) as 
a(xn(t)) = arg minfa (t)L,(P)x(¢)}. 
Moreover, the solution «x(t, ¢) of the system satisfies 
llx(¢,d)|| < Me~*|[9||, te RT. 


In the case N = 2, the conditions (i) and (ii) are equivalent. 
Proof. For 6 > 0, we utilize the following state transformation y(t) = e°'a(t). The system 


(1) is transformed into 


w(t) = Aay(t) +e Day(t — h(t), t€ R*, 


3 
y(t) = e' a(t), te [—h, OF 


where Ay := Aq + 6. Assume that the condition (i) of the theorem holds. For every i = 
1,2,...,.N, we consider the Lyapunov-Krasovskii functional 


V(t,ue) = (Py), y(Q) + 767" Dove (Di PDiy(s), y(s))ds. (4) 
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It is easy to see that there are positive numbers .j, Az such that 
Arlly(é)||? < V(eye) < Aallyel|?, Vee RF. 
The derivative along the trajectory of the system (3) is 


V(t, ye) = 2(Py(t), y(t) + ete?" (DF PDiy(t), y(t)) 
—e~'e(1 — h(t))(D? PDiy(t — A(t), y(t — h(#))) 
< ((ATP + PA; + 26P + €~1e* D? PD,)y(t), y(t)) (5) 
+ 26% (PDiy(t — A(t), y(e) 
—€~te*(1 — p)(D? PDiy(t — h(t)), y(t — A(t). 


Since P is a symmetric positive definite matrix, there is P = P!/? such that P = P’ P. Using 
Proposition 2.4, for any € > 0, we have 


26° (PDjy(t — h(t), y(t)) 
= 2y" (t)P* Pe Diy(t — h(t) 
< Ey" (t)P? Py(t) + & he? "Oy" (t — h(t)) D7? P? PDiy(t — h(t). 


Taking € = «3 > 0, and since h(t) < h, we obtain 


26°" (PDiy(t — h(t), y(t) 
< €By" (t)Py(t) + *(1— pe "y(t — A(t) D7 PDiy(t — h(t). 


Then from (5) it follows that 


V(t,ys)) < (APP + PA; + te" D7 PD; + (cB + 26)P)y(t), y(t) 


(6) 
=y" ()Li(P)y(t). 
By the assumption, the system of matrices {L;(P)} is strictly complete. We have 
N 
J sP =R" \ {0}. (7) 
j=1 
Based on the sets SP? we constructing the sets SP as above and we can verify that 
SP()sP ={0},i43, SPS? =R* \ {0}. (8) 


We then construct the following switching rule: a(x(t)) = i, whenever x(t) € SP (this switching 
rule is well-defined due to the condition (8)). From the state transformation y(t) = e*'a(t) and 
taking (6) into account we obtain 


V(t, ye) = y7 (t)La(P)y(t) = a7 (t)La(P)a(t) <0, Vie Rt, (9) 


which implies that the solution y(t) of system (3), by Proposition 2.5, is bounded. Returning 


to the state transformation of y(t) = e°'x(t) guarantees the exponentially stability with the 
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decay rate 6 of the system (1). To define the stability factor M, integrating both sides of (9) 
from 0 to t and using the expression of V(t, y;) from (4) we have 


(Py(t), y(t) +e te [ppg DEPP iva) vla) As < V(y(0)). 


Since D7? PD; > 0, and 
Amin|ly()||? < (Py(t), y(é)); 


we have é 
Amin|ly(E)||? < Amax(P)||y(0)||? + €7*e?9" [ Pee Diulo)sule)) ae 
0 
We have 
0 0 
/ (D/ PDiy(s), y(s))ds ne Amax(P)Amax(D)| O12 f eds 
—h(0) —h(0) 
Amax P Amax D —_ 
= ( a ( day e 25h(0)) 11 ||? 
Amax P ‘Atnax D _— 
 Amax(P)AmeelP) 4 _ 6-20) 617, 
we have (P) <a (P) (D) 
r P eer" P)xX D 
t 2 < max max max 1 —26h 2 
II? < Bey “ (1 ey] I 
Therefore, 
ly()|| < Ml|dll, VéeeR*, 
where 


_ Amax(P) \ €71(e25h vs 1)Amax(P)Amax(D) 
a - (P) | 26 


Amin 


We now assume the condition (ii), then we have 
N 
i=1 


where 7; > 0, 72 = 1,2,...,N, paaen T, > 0. Since the numbers 7; are non-negative and 


ue T > 0, there is always a number € > 0 such that for any nonzero y(t) we have 


N 
dori? (t)Li(P)u(t) < —ev" u(t). 
Therefore, 
a N 
D7, min fy" @)E(PuO} S Dna" OL(P)u) < —ey" Oy(0. (10) 


The Lyapunov-Krasovskii functional V(.) is defined by (4) and the switching rule is designed 
as follows 
a(a(t)) =arg_min {2 ()L(P)a(0)}. 
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Combining (6) and (10) gives 
Vit.) <—nlly(OIP <0, VeeR®, 


where 7) = eae 7)‘. This implies that all the solution y(t) of system (3) are bounded. The 
proof is then completed by the same way as in the part (i). 

Remark 3.2. Note that conditions (i) and (ii) involve linear Lyapunov-type matrix in- 
equality, which is easy to solve. The following simple procedure can be applied to construct 
switching rule and define the stability factor and decay rate of the system. 


Step 1. Define the matrices L,(P). 
Step 2. Find the solution P of the generalized Lyapunov inequality (2). 
Step 3. Construct the sets $?, and then $?, and verify the condition (7), (8). 
Step 4. The switching signal a(.) is chosen as a(x) = i, whenever 2 € S? or as 
a(x(t)) = argmin{x? (t)L;(P)x(6)}. 
Example 3.3. Consider the switched linear system defined by 
x(t) = Aja(t) + Djx(t— h(t)), *=1,2 
where 


0.39 0.09 0.39 0.03 


(Aj, D1) = ’ 
0.09 —1.49 0.03 —0.29 
—1.99 —0.13 —0.09 —0.01 
(Az, D2) = ’ 
—0.13 0.59 —0.01 0.19 


A(t) = sin?(0.1t). 


We have h = 1, h(t) = 0.1sin(0.2t) and then ps = 0.1. By choosing the positive definite matrix 
P>0Oas 


P= 


and « = 0.1, 6 = 0.001, one can verify condition (2) with 7, = T2 = 0.5. The switching regions 


are given as 


31 = {(x1, 2) : 2.46827 — 0.00221 22 — 2.01525 < Of, 
So = {(x1, 22) : 2.46827 — 0.00221 22 — 2.01525 > O}. 


According to Theorem 3.1, the system with the switching rule a(x(t)) = 7 if x(t) € 5; is 
exponentially stable. 
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In this case, it can be checked that 


2.468 —0.001 —3.809 —0.416 


(L1(P), Lo(P)) = ; 
—0.001 —2.015 —0.416 1.626 


Moreover, the sum 
—0.6705 —0.2085 
—0.2085 —0.1945 


711(P) + 72 L9(P) => 


is negative definite; i.e. the first entry in the first row and the first column —0.6705 < 0 is 
negative and the determinant of the matrix is positive. The sets S,; and 52 (without bar) are 


given as 


Sy = {(x1, £2) : 2.4682? — 0.0022, 22 — 2.01522 < 0}, 
So = {(x1, 22) : —3.809a7 — 0.8312, 22 + 1.62623 < 0}. 


These sets are equivalent to 
S, = {(21, £2) : (a9 + 1.10721) (x2 = 1.10621) > 0}, 


and 


So = {(x1, 22) : (2 + 1.29621)(xq — 1.80721) < 0}; 


Obviously, the union of these sets is equal to R?. 


Conclusions 


We have presented a delay-dependent condition for the exponential stability of switched 
linear systems with time-varying delay. The condition is formulated in terms of a general- 
ized Lyapunov equation, which allows easily to compute simultaneously the two bounds that 
characterize the exponential stability rate of the solution. A simple procedure for constructing 


switching rule has been given. 
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number is determined for certain standard graphs. Moreover, majority vertex cover of G 
and its number are surveyed. Also certain relationships with these parameters of G are 
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§1. Preliminaries 


By a graph we mean a finite undirected graph without loops or multiple edges. Let G = 
(V, £) be a finite graph and v be a vertex in V. The open neighborhood of v is defined to be 
the set of vertices adjacent to v in G, and is denoted as N(v). Further, the closed neighborhood 
of v is defined by N[v] = N(v) U{v}. The closed neighborhood of a set of vertices S is denoted 
as N[S] and is Uses Ns]. 

In decision making process sometimes domination concept may not be necessary to have 
the consent of all but a majority opinion will do. In any democratic set up, the party which 
has majority of seats is given the opportunity to rule the state. To model such instances, the 
concept majority domination is introduced. 

Definition 1.1. A subset S C V of vertices in a graph G = (V, £) is called a Majority 
Dominating Set if at least half of the vertices of V are either in S or adjacent to elements of S. 
(i. e.) [N[5]] > [2]. 

Observation 1.2. 

(i) V(G) is always a majority dominating set for any G. 

(ii) Majority dominating sets have super hereditary property (i. e.), every super set of a 
majority dominating set is a majority dominating set. 

Definition 1.3. A majority dominating set S is minimal if no proper subset of S' is a 
majority dominating set. The minimum cardinality of a minimal majority dominating set is 
called the majority domination number and is denoted by y,,(G). The maximum cardinality 
of a minimal majority dominating set is denoted by 'y,(G). 

Definition 1.4. In [3], A set S of vertices in a graph G is a neighborhood set of G if 
G= ee (N[v]) , where (N[v]) is the subgraph of G induced by v and all vertices adjacent to 
uv. The neighborhood set of G is written as n-set of G. 
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Theorem 1.5.!4] Let S' be a majority dominating set of G. S is minimal if and only if for 
every vu € S one of the following conditions holds: 

(i) |N{SI] > [8] and |Pnfv, S]] > |N1SI| — [8]. 

(ii) |N[S]| = [8] and either v is an isolate of $ or Pn[v, S]N(V —S) 4 ¢. 


§2. Majority neighborhood set 


Definition 2.1. Let G = (V, E) bea graph. A set S' of vertices of G is called a majority 
neighborhood set if ee (N[u]) has at least [5] vertices and at least | £] edges. A majority 
neighborhood set S$ is called a minimal majority neighborhood set if no proper subset of 
S is a majority neighborhood set. The minimum cardinality of a majority neighborhood set is 
called the majority neighborhood number of G and is denoted by nj(G). 

Proposition 2.2. ForG=K,, Ky ,-1, p> 2, Fp, p>3and W,, p> 5, fang 


Proposition 2.3. For a graph G = C,, a cycle on p vertices, p > 3, nu (G) = re 

Proof. Let S be an independent set of vertices of C, of cardinality |%]. aa (N[S]) 
covers at least [£] vertices and at least [$] edges since p = g. Therefore njz(G) < |$| = [8]. 
Suppose T is a majority neighborhood set with |T| < [2]. Then the number of edges of C, 
covered by (N[T}) is less than [$]. Therefore |T| > [4]. Hence na(G) > [4]. 

Corollary 2.4. Let G = P, be a path on p vertices. Then nyy(G) = [a= +]. 

Proposition 2.5. For every k-regular bipartite graph G, ny(G) = fa 

Proof. Let S be an independent set of vertices of cardinality [=]. T S covers at least 


k + |#] vertices and at least k [4] edges. 

Claim. Number of vertices covered by S is > [| and number of edges covered by (N[S]) is 
2 [3]. 

Case i. Let k > [2]. Then number of vertices covered by S$ is > k+ [| > [5]. Let k< [2]. 
Let [2] =tk+r, 0<r<k. Then number of vertices covered by S$ is 


2k+k+[#], ifr>0, 


IV 


atk + [2], if r=0. 


2 [8] —2r+k+ [2] >2[8] e+ [21 
>2]2] (since [2] >k) > [8]. 
Therefore number of vertices covered by S = k+ [2] > 
Case ii. Let p= 2n. Then g=nk. Then k [2] =k EMaL [$]) = [2]. 
| 


Let n = 2m. Then k [| = mk; [ze] = [oes 


: | 
S 
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Let n=2m+1. Then k [3] =k(m+1); [4] = [2@S**] = [mk + §]. Therefore 


<mk+k, if k>1, 


=mk+k, if k=1. 
implies 


<k[#], if k>1, 


n 
2 


=f) #|,a0 k= 1, 


Hence k [£] =k [3] > [3] = [4]. Then number of edges ae by (N[S]) is > [$]. This 
implies that S$ is a majority neighborhood set of G. Hence ny(G) < |S| = [8]. 

Let DC V(G) with |D| < [4%]. That is, |D| < [4%] —1. Let ne =r (say). 

Case i. Let n = 2m. Number of edges covered by (N[D]) = kr < k([2] — 1) = km—k. Since 
q = 2mk, number of edges covered by D is < | £] = mk. 

Case ii. Let n = 2m+1. Number of edges covered by (N[D]) = kr < k([4] —1) = mk. Now, 


a-[ 


Therefore the number of edges covered by (N[D]) is < [4]. Hence ny(G) > [£%]. Thus 
nu(G) = Bae 

Corollary 2.6. For Q,, the n-cube, which is a regular bipartite graph with 2” vertices 
and (n2”—1) edges, ni(Qn) = 2"-?. 

Proposition 2.7. Let G = Ky. Then ny(G) = min { [=] ; [=| }. 

Observation 2.8. Any superset of a majority neighbourhood set is a majority neighbour- 


<mk+k, ifk>1, 


=mk+k, ifk=1. 


hood set. That is, The property of majority neighbourhood set is a super hereditary property. 
Characterisation of Minimal Majority Neighbourhood Set 
Theorem 2.9. Let S be a majority neighbourhood set of G. S is minimal if and only if 
for any u € S, the following condition holds: 


(i) [5] -—|N[u] — N[S — ul] < |V(N[S —u)))| < [8], 


or 
(i) [2] - |B (N(@))| < ES — uy) < [91- 
Proof. Suppose S is a minimal majority neighbourhood set. Suppose the conditions are 
not satisfied by u € S. Then, 


or 


IV((N[S ul) > [E] and [ENTS - ul) < [2] - 1B) |, 
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or 


IB(N{S — u)))] = [2]. 


In any case either S is not a majority neighbourhood set or S — {u} is a majority neigh- 
bourhood set. It implies that S' is not a minimal majority neighbourhood set of G, which is a 
contradiction to the assumption. 

Conversely, assume that the condition (i) or (ii) is satisfied for any u € S. Suppose S' is 
not a minimal majority neighbourhood set. Then there exists u € S such that S — {u} isa 
majority neighbourhood set. 
|V(N[S — u])| > [8] and |E((N[S — u]))| > [£], a contradiction. Therefore $ is a minimal 
majority neighbourhood set of G. 

Proposition 2.10. Let G be a graph. If there exists a n,-set of G which can be par- 
titioned into two subsets ($; and $2, with the subset of lesser cardinality being a a majority 
neighbourhood set) then nys(G) < [ 22622]. 

Proposition 2.11. Let G be any graph. n)4(G) = 1 if and only if G has a vertex u with 
d(u) > [3] —land E((N[ul)) > | 2] - [2] +1. 

Proposition 2.12. Let G be a graph with gq < p—3. Then ny(G) =1 if and only if G 
has a vertex u with d(u) > [§] —1. 


§3. Majority vertex cover 


Definition 3.1. A set of vertices S which covers at least half of the edges is a majority 
vertex cover of G. The majority vertex covering number a,(G) of G is the minimum 
number of vertices in a majority vertex cover. 

Proposition 3.2. 

(i) For G= Ky p-1, p>2. Then ay(G) =1. 

(ii) For G=P,, a path on p> 2 vertices. Then ay(G) = [%+]. 

(iii) For G=C,, acycle on p> 3 vertices. Then ays(G) = 

Proposition 3.3. Let G = Kiy,.n. Then ay(G) = min {| 2] : 
bipartite graph with p vertices. Then ay(G) = [£]. 

Proposition 3.4. Let G= K, be a complete graph. Then 


a Let G be a regular 


2 


oe era , if p=0,3(mod 4), 


om(Kp) = | eer |, if p=1(mod 4), 


[teva , if p=2(mod 4). 


2 


Proof. In K,, any set of k vertices {v1,v2,...,ug} covers 
{(p=1) + (p= 2) +--+ + (p— B)} edges. ((p - 1) + (p— 2) +++ + (p=) = [2S], 
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if and only if pk — SHY > | pled), 
Case 1. (es) > ar) if p=0,3(mod 4). 
Then 
k? + k(1 — 81) + (81? +21) <0 (i.e.), 


ac 1) = 8 ly She ac 1) 4 = 81 4 I) 


It implies that k = aie ie | Hence ay(Ky) = |= oe |: if p= 


2 2 
0,3 (mod 4). 


A similar argument can be given to get the result in the following cases. 


Gade o: ( (Si) - year) 2h < (eo + vonesee |), They 


am (Kp) = 


C 1) 2p? — 2p 


5 : | if p = 1(mod 4). 


Case 3. (eee - oa) <k< (eee) + ETE eT Then 


2 —= —_ 


Pare ee a ea ees Dal | if p = 2(mod 4). 


2 


Hence the result. 


§4. Relationship between y,;(G),ny(G) and ay,(G) 


Proposition 4.1. Every majority neighbourhood set is a majority dominating set. (i. e.), 
ym(G) <nm(G). But not conversely. 

Theorem 4.2. For a connected graph G, every majority vertex cover is a majority neigh- 
bourhood set. (i. e.), nar(G) < ays(G). 

Proof. Case 1. Let p=q+1. Let S be a majority vertex cover. Then ra edges have 


at least one of their ends in S. Therefore (J (N[u]) contains at least [4] +1 vertices. (i. e.). 
ues 
It contains at least [] vertices. 


Case 2. Let G be a connected graph but G is not a tree. Then gq > p. If S is a majority 
vertex cover then clearly LJ (N[u]) covers at least [4] edges and hence contains at least [5] 
vertices . Hence every ‘aeons vertex cover of G is a majority neighbourhood set. 

Remark 4.3. 

(i) In the above theorem, the connectedness of G can not be dropped. The above result is 
not true in the case of disconnected graph. For : G= Ki ¢U4K2. ay(G)=1; ny(G) =2. 

(ii) Let G be a disconnected graph with q(G) > p(G). 

Then ny(G) < ay(G). 

(iii) Let G be any graph. A majority vertex cover of G need not be a majority neighbour- 

hood set of G. 


Proposition 4.4. Let G be a connected graph without triangles. Then njy(G) = ay (G). 
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Proof. Consider any nyy-set S = {u1,u2,--- ,ur} where r=ny(G). Then U (N{uJ) 
ues 
contains at least | 4] edges. Since the graph G has no triangle, number of edges in (N[u]) for 


any u € S is exactly the number of edges incident at u. Therefore S is a majority vertex cover 
of G and ay(G) <ny(G). But ny(G) < ay(G). Hence ny(G) = ay(G). 

Corollary 4.5. If G is a disconnected graph without triangles in which g(G) > p(G). 
Then nu (G) = am (G). 

Proposition 4.6. For a connected graph G, yu(G) < nu(G) < am (G). 
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Abstract In this paper We present the Smarandache’s Orthic Theorem in the geometry of 
the triangle. 
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81. The main result 


Smarandache’s Orthic Theorem 

Given a triangle ABC whose angles are all acute (acute triangle), we consider A’ B’C’, the 
triangle formed by the legs of its altitudes. 

In which conditions the expression: 


||A’B"| - || B’C"]| + BC" - ||C’A"| + [1C"A]- AB" 


is maximum? 


Proof. We have 
A ABC ~ AA'B'C'AAB'C ~ AA'BC". (1) 


We note 
|BA"|| = x, ||CB"|| = y, || AC’|| = z. 


It results that 
|A'C|| =a — a, | B’Al] = b—y, ||C'BI| = c— z. 


BAC = B’A'C = BA'C!; ABC = AB'C! = A'B'C'; BCA = BC'A' = BCA. 


From these equalities it results the relation (1) 
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AC «¢ 


AA'BC' ~ AA'B' —___ 2 
° ae |A’B'|’ oe 
A’C! c—z 
ipl Fall = 
AA'B'C ~ AAB'C 2 Be” (3) 
BC b-y 
AAB'C ~ AA'B'C = — = : 4 
¢ eG y || A’B’| (4) 


From (2), (3) and (4) we observe that the sum of the products from the problem is equal 


to: 
1,2 72,2 ax» bys C\2 
nla 2) +y(b—y) + (e-2) = 7(0 +P +2) — (eS) (y- 5)? - (&- §), 
which will reach its maximum as long as x = $,y = B z = §, that is when the altitudes’ legs 


are in the middle of the sides, therefore when the AABC is equilateral. The maximum of the 


action iq Lig? 2 2 
expression is 7(a* + b* + c”). 


§2. Conclusion (Smarandache’s Orthic Theorem) 


If we note the lengths of the sides of the triangle AABC by ||AB|| = c, || BC|| = a, ||CA|| = 
b, and the lengths of the sides of its orthic triangle AA*B*C* by ||A*B*|| = c*,||B*C*|| = 
a*, ||C* A*|| = b*, then we proved that: 


A(a*b* + b*c* + c*a*) <a? +6? +7. 


§3. Open problems related to Smarandache’s Orthic The- 


orem 


1. Generalize this problem to polygons. Let A; A2---A,, be a polygon and P a point inside 
it. From P we draw perpendiculars on each side A; A;+1 of the polygon and we note by A; the 
intersection between the perpendicular and the side A; Aj41. A pedal polygon Ay, Ag --+ Am, 
is formed. What properties does this pedal polygon have? 

2. Generalize this problem to polyhedrons. Let A;A2---A, be a poliyhedron and P a 
point inside it. From P we draw perpendiculars on each polyhedron face F, and we note by Aj 
the intersection between the perpendicular and the side F;. A pedal polyhedron Aj) A}--- Ap 
is formed, where p is the number of polyhedron’s faces. What properties does this pedal 
polyhedron have? 
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Abstract The aim of this paper is to study left C-wrpp semigroups. We prove that a left 
C-wrpp semigroup is a refined semilattice of left-R cancellative stripes if and only if it is a 


right strong semilattice of left-R cancellative stripes. 


Keywords Left regular band, refined semilattice. 


§1. Introduction and preliminaries 


In 2001, Zhang L., Shum K. P. and Zhang R. H. introduced the concept of a refined semi- 
lattice of semigroups |), which is a natural generalization of the notion of a strong semilattice 
of semigroups. They proved that any regular band is a refined semilattice of rectangular bands. 
Thus, a number of results in the literature concerning strong semilattice decomposition can 
be further developed. Zhang described a special class of left C-rpp semigroups 7) by using 
refined semilattices. Wang, Zhang and Xie established the structure of regular orthocryptou 
semigroups [! in terms of refined semilattices. In this paper, we give some characterizations 
of left C-wrpp semigroups which have the refined semilattice decomposition. Throughout this 
paper, we shall use the notation and terminology of [1]. For other undefined terms, the reader 
is referred to [4, 5, 6]. 

Definition 1.!!) Let a,b be elements of a semigroup S. We define the £‘+)-relation by 
al) if for all x,y € S', (ax, ay) € R if and only if (bx, by) € R, where R is the usual Green’s 
R-relation on S . 

Definition 2.!!] A semigroup S is called a wrpp semigroup if the following conditions are 
satisfied: 

(1) each £+)—class of S$ contains at least one idempotent of S; 

(2) for alle € FOS, a = ae where E(LSY) is the set of idempotents in LS". 

Definition 3.!') We call a wrpp semigroup S' an adequate wrpp semigroup if for all a € S, 
there exists a unique idempotent a* satisfying aL\)a+ and a = ata. 

Definition 4.!!] An adequate wrpp semigroup S' satisfying aS C L‘+)(a) for all a € S is 
called a left C-wrpp semigroup. 
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Definition 5.[!) A monoid M is called a left-R cancellative monoid if for a,b,c € M, (ab, ac) € 
R implies (b,c) € R. We call the direct product of a left-R cancellative monoid M and left 
zero band I a left-R cancellative stripe because the direct product looks like a two-dimensional 
stripe. We denote the left-F cancellative stripe by M x I. 

Definition 6.!*) Let Y be a semilattice and {S, : a € Y} a family of disjoint semigroups 
of type T, indexed by Y. For each pair a, 3 € Y with a > 3, let D(a, 3) be a set of index and 


{Sa(a,8) : d(a, f) € D(a, 3)} 


a congruence partition of Sg (i.e., the relation a on Sg defined by (bz, bj) € o if and only if 
ba, bg € Sa(o,e) for some d(a, 3) € D(a, 3) is a congruence on Sg), and for a > 8 > ¥, the 
partition 


{Sa(a,y) + Ha, 7) € D(a, 7)} 
is dense in the partition 
{Sa(a,e) : Ua, 8) € D(a, B)}, 
i.e., for any d(3,7) € D(G,7), there exists D'(a,y) C D(a,7¥) such that 


Saen = lal, Bare 
d(a,y)€D" (a,7) 


Moreover, let 
{(®a(a,8) : Sa > Sa(a,g)) : da, 8) € D(a, B)} 


be a family of homomorphisms. Suppose the following conditions are satisfied: 

(a) D(a, qa) is singleton and ®q(q,q) is the identical automorphism of S_ for each a € Y, 
where d(a, a) is the unique element of D(a, a). 

(b) (i) For every a, 3, y € Y such that a> 8 > 4, 


{®a(a,3) Pa(3,7) : d(a, 3) € D(a, 8), d(B,7) € D(p, 1) Cc {(®a(a,7) : d(a, 7) € DG) |. 


(ii) For any d(a,aZ) € D(a,af) and d(aB,aBy) € D(aB,aBy), Sa(a,aB)Pd(ab,a87) © 
Sa(a,a87)> Where d(af, ay) satisfies Bao 027) = Pad(a,a3)Pd(aB,087) 
(c) For a, 8,7 € Y with 7 < a@ and for any fixed ag € Sa,d(a3,y) € D(aG,7), there 
exists d(@,y) € D(G,7) such that {daPa(a,y) : da, 7) € D(a, y)} 1 Sacapyy) © Sap): 
(d) For a, 8 €Y with a> B, and ag € Sa, bg € Sg,d(a, 8), d (a, 8) € D(a, B), 


ba(Ga® a (a,8)) © Sa(a,8) > 06(@a Pe! (a,8)) = 06 (a Pa(a,8)): 


and 

(daa («,3))08 € Sa(a,p) => (GaPa (a,3))b3 = (Ga Pa(a,sy)bs- 
We now form the set S = U{Sq : a € Y} and define a multiplication o on S' by the following 
statements. For any aq € Sq, bg € Sg, define 


aa 0 bs = (GaP Ga,03)) (be ®a(3,043))» 
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where d(a, a) € D(a, a8), d(B,aB) € D(G, a8), that satisfy the following conditions: 
{@a®a(a,c8) : d(a, a) € D(a, a3) } c Sa(B,a8)) 


and 
{ba®a(6,0) : U(8,a8) € D(B,aPB)} SC Saag): 


Then (5,0) is a semigroup as it has been verified in [4]. Here, the semigroup (5,0) is called the 
refined semilattice of semigroups and we denote it by 


Lys Sa(a,p)> ® a(c,8)5 D(a, B); Bah 


§2. Characterizations 


In this section we shall give some characterizations of left C-wrpp semigroups which have 
the refined semilattice decomposition. For our purpose, we need the following lemma. 

Lemma 1. Let S = {Y; Saa,g), ®a(a,s), D(a, 7); Sa = Ma X Ia}, where Mg is a left-R 
cancellative monoid M, and J, is a left zero band for any a € Y. For any d(a,{), d (a, 3) E 
D(a, B)(a@ = B) if (da, ta) Pa(a,a) = (Ag, 48) and (da, ta) Py (a,8) = (ag, 4,4). Then 

(1) (€a,t8) € Saca,a); 

(2) ag = ag; 

(3) for any a > 6 and d*(a, 8) € D(a, A), if (a3,1g) € Say(a,e), Then (eg, 13) € Say(a,e); 

(4) (ea, ta)®a(a,8) = (eg, %,). 

Proof. The proof is the same as the proof of [2, Lemma 2.1]. 

We are now ready to give a characterization of left C-wrpp semigroups which have the 
refined semilattice decomposition. 

Theorem 1. A semigroup 5 can be expressed as a refined semilattice of left-R cancellative 
stripes M, x I, if and only if it is a left C-wrpp semigroup such that the semi-spined product 
decomposition S = Ms x, Is of S is the spined product decomposition. 

Proof. We need only to prove the sufficiency part since the proof of the necessity part is 
similar to the proof of the necessity part of [2, Theorem 1.5]. 

Let S' be a refined semilattice of left-R cancellative stripes 


Ma x La, Le., S = {¥s Sa(a,8)1 Pd(a,8), D(a, 8); Sa = Ma x yen? 


where M, is a left-R cancellative monoid M, and I, is a left zero band. Then S is a semilattice 
of M, x I4. By the proof of [2, Theorem 3.3], we know that M, with identity e, has a 
unique idempotent e, and E(S.) = {ea} x Iq.We first prove that S is a wrpp semigroup. Let 
(de, te)s (£8, 58), (Yy, Ay) € S such that (dq, ta)(%g, J8)R(aa,ta)(Yy, Ay). Hence af = ay and 


[(aa, ta)® qa,aa)Il(%s, 56) Pae,a8)|RI (aa, tq) Oy (a,a)]I(Yy, Ay) 2a (,08)]: 


where 


{(@a, ta) Pa(a,ap) : Ua, a8) € D(a, a8)} € Sa 8,08); 
{(x, Je)®a(3,0,) : d(B, af) € D(p, a3) } CS Sie,08)) 
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{(da;ta)Pa(a,ag) : Aa, a8) € D(a, af)} © Sy 4.48) 
{(Yy; Ay) Ba(s,a9) : (8, a8) € D(B,aB)} © Sa (a,08)- 
Then 
(Gop, ta8)(Lap;Jap)R (Gaps tag) (Yass rap) 
AoptapR(Map)aopyas and tap = tag. 
TopR(Mas)Yas and d(a,a3) = d'(a, a). 
CaptapR(Map)eapyap- 
(€a8; tap)(Lass Jos) R(Caps tap) (Yas, Aas): 


{4 y 


By Lemma 1, we have 


{(€a,%a)Pa(a,ap) : Ua, a8) € D(a, a8)} © Sa6,08)s 


and 
{(€a; 4a) Pa(a,ap) : da, a8) € D(a, aB)} C Sa (7,06)" 
Hence 
(Ca, ta)(@a,58) = [l€arta)®aa,op)ll(%s, 56) Pais,ap)] 
= (€ag, tap) (tap; Jos); 
and 


(€a;ta)(Yy; Ay) = [(ea, ta) Pa(a,ay| (Ys Av) Ba’ (4,08)! 
= (Cag, tap) (Yas, Aap): 


Then (€a, ta) (2s, Ja)R(€aps tas) (Yas, Avs), that is (da, ta) LT (a, ia). Let (eg Se EO Ges, iq). 
Then (€g, jg’ )L4) (eg, ig) and so (eg', 59! (eg, 5g Reg’, 5g'):1 = (a, ta) (Cg s 5g’ )R(€a; ta) > 
>a. Similarly, a > 3. Hence a = (. For all (aq,ia) € S and (eq, 7.) € E(LI) i,))> we have 
(da; ta)(€asjn) = (do;ta). Then S$ is a wrpp semigroup. We have showed that for (aq,ia) € 
S, (€a,ta)L£™ (aa, ia) and we have (eq, ia)(da,ta) = (dasta). Let (€a,i4) € B(LY) i,)) Such 
that (€a,%)(Ga;ta) = (da; ta). Then i, = ig. Hence (€,7,,) = (€a,ia). Thus S$ is an adequate 
wrpp semigroup. By [2, Theorem 3.2], we know that S is a left C-wrpp semigroup. 

The unique idempotent e € E(LS) such that ea = a in S is expressed by eg. We now 
claim that S satisfies e,é, = €zy for any x,y € S. In fact, if we let x = (aq, tq) and y = (ag, ja), 
then we have 

(Ga; ta)(a8, ja) 
= (4a, te) Pao,a)|I(4 8; Je) Pa,08)| 

( 


Gaps iap)> 


ry 
where d(a,aZ) € D(a, a), d(B,a3) € D(B, a8), satisfy that 


{(@es ta) Pato,c8) : d(a, a) € D(a, a3) } c Sa(B,a8)) 


and 
{(ag, jg) ®aca,ap) : €(8,08) € D(B,a8)} C Saa,ap): 
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Since (dq, ta) Pa(e,ap) = (Ca; ta) Pale,ap) (Gas ta) Pa(e,ag) © S(3,08), by Lemma 1, we have 
(€a; ta) Pa(a,ap) © Sag,ag)- This leads to {(€a, ta) Pa, (a,a8) : di(a, a8) € D(a, aB)} C Sag,,)- 
Similarly, we have {(eg, ja) ®a,(g,0@) : d1(8, a3) € D(8,a8)} © Saa,ag), and consequently, 


ry = (da;,te I(a,0p) (48, ja) Pa d(B,a8) 


( )® 

(Casta) Pa(a,ap) (Ga ba) Palas) (43, 33) Pa(6,<18) 

(€e,; ta) Oa (a,a() y(eg, ja)®q d(8,08) (a, ta) ® d(cx,03) (28,58) ® 46,08) 
( ( 


Cas ta)(eg, jp) (Ga, ia) ag, jp) 


Cx CyLY = LYCz ly. 


Hence ezéy = (€ag, ina) = xy. Define a relation p on S by: 


(a,i) p (b,j) if and only if there exists a €Y such that i 
ajbe My, and i= J € Iq. 0) 

Then zpy if and only if eg = ey. By egy = ezey, we deduce that p is a congruence. 
According to [1, Theorem 4.4], the semi-spined product decomposition S = Mg x, Ig of S is 
the spined product decomposition. Our claim is established. Therefore a left C-wrpp semigroups 
which has the refined semilattice decomposition is a left regular orthocryptou semigroup. 

By [3, Lemma 5.2] the relation p in(1) is exactly the same as H. Hence by Theorem 1 and 
[3, Corollary 5.8], we can get the following result. 

Theorem 2. Let S be a semigroup. Then the following statements are equivalent. 

(1) S is a left C-wrpp semigroup, in which H is a congruence; 

(2) S is a refined semilattice of some left-R cancellative stripes; 

(3) S is a right strong semilattice of some left-R cancellative stripes. 

Remarks 1. By [3, Corollary 5.8], a left C-wrpp semigroup, in which H is a congruence 
is a left regular orthocryptou semigroup. 
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Abstract A bounded linear operator T is said to be an (a, )-normal operator (0 < a < 
1 < 8) ifa°T*T < TT* < 6°T*T. This class of operators is defined by M. S. Moselehian [20] 
In this paper some spectral properties of (a, 3)-normal operators are discussed, generalised a- 


Weyl’s theorem is proved for this kind of operators. An example of an (a, 3)-normal operator 


which is neither normal nor hyponormal is given. 


Keywords Generalised a-Weyl’s theorem, a-Browder theorem, generalised Weyl’s theorem, 


Riesz idempotent, (a, 3)-normal operator, Single Valued Extension Property. 


§1. Introduction and preliminaries 


Let H be a complex Hilbert space and B(#), the algebra of all bounded linear operators 
on H. An operator T is said to be an (a,3)- normal operator (0< a < 1 < @) if a?T*T < 
TT* < S2T*T. 

Following are the important facts about (a,()- normal operators: 

(i) If T is (a, B)-normal, then ker(T) = ker(T*), ran(T) = ran(T*) "4. 

(ii) If T is (a, 3)-normal, then so is T — » for each \ € C CY, 

(iii) If T is (a, @)-normal and M C 4 is invariant under T, then T|yz is (a,3)-normal. 

(iv) Every quasinilpotent (a, 3)-normal operator is zero operator. 

(v) Every (a, 3)-normal operator is an isoloid. 

(vi) If H is finite dimensional then an (a, 3)-normal operator is normal. 

S. S. Dragomir and M. S. Moselehain [4] has given an example of an (a,3)- normal operator 
which is neither normal nor hyponormal. Here we give another example of (a,()- normal 
operator of the same kind. The operator matrix T = - : ly B lp —>lo G bo where 
U is the unilateral shift on @2 and K: 2 —> é given by K(21,%2,23,:+-) = (221,0,0---) is 
(a, 3)-normal for a = 1/2 and 6 = 2. 

In the next section, we prove Riesz idempotent FE, of T’ with respect to each non-zero 


isolated point spectrum A defined by Ey = f (A—T)~'d) is self adjoint and Ey H = ker(T—)) 
oD 
= ker(T — X)*. 
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§2. Riesz idempotent 


A complex number is said to be in the joint point spectrum of T if there exists a joint 
eigenvector « of T and T* such that Tx = Ax and T*x = Az. 

Let o;,(T) and o,(T) denote the joint point spectrum and the point spectrum of T respec- 
tively. 

Theorem 2.1. If T is an (a,(@) normal operator then the following assertions hold: 

1. Tz = Ax, X £0, then T*x = Az. 

2. o;,)(T) ~ 0 =0,(T) ~ 0. 

3. If Tx = Aw and Ty = py, A 4 p, then (x,y) = 0. 

Proof follows by using (i) of Section 1. Let o;,.(T) be the set of all isolated points of o(T). 
If Ao € Ciso(T), the Riesz idempotent E of T with respect to Xo is defined by 

Ey = f[(A-T)7'd, 


where Ag € D is a closed disk of center Xo wads contains no other points of o(T). 

Stampfii !?7] proved that if T is hyponormal, EF) is self adjoint and E,H = ker(T — \) = 
ker(T — )*. This result has been proved for various operators in [8],[12], [23], [24]. 

The next theorem proves the same result for (a, 3)-normal operators. We need the following 
lemma to prove the same. 

Lemma 2.2. If T is an (a, 3)-normal operator with o(T) = A then T = X. 

Proof. Suppose o(T) = A, since T is (a, 3)-normal, then so is T — X. Since every (a, 3)- 
normal quasinilpotent operator is zero operator, JT — 4 = 0. Hence T = . 

Theorem 2.3. Let T be an (a, 3)-normal operator and Xo be an isolated point of o(T). If 
E is the Riesz idempotent for \o, then E is self adjoint and E(H) = ker(T — Ao)= ker(T* — A). 

Proof. The second equality follows from the definition of (a, 3)-normal operators. Any 


0 0 a 
(a, 3)-normal operator T can be represented as a block matrix where C: ran(T) —> 


ran(T) has zero kernel. 


1 | 
= am fO-7) dy 
OD 
xe 0 
= al an 
211i 0 (A-C)7} 
OD 
_ 1 O 
0 1 


on E(H) @ E(H)+. Hence E is self adjoint. 

Definition 2.4. For T € B(H),  € o(T) is said to be a regular point if there exists 
S € B(H) such that T— A = (T— A)S(T — d). If every isolated point of o(T) is a regular point, 
then T is called a reguloid. 

Following lemma is used to prove the Corollary below. 

Lemma 2.5.!!°] T — ) has a closed range if and only if T— A= (T — A)S(T — d). 
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Corollary 2.6. If T is a (a,3)- normal operator, then T is a reguloid. 
Proof. Let \o be an isolated point of o(T). Using Reisz idempotent FE, we can represent 


T as a direct sum T = : : where o(T;) = {0} and o(T> = o(T)\{Ao}- 
2 
Since T; is also (a,@) normal operator, it follows from Lemma 2.2 that T; =Ao. Therefore by 
Theorem 2.3, H =E(H)@E(H)+ = ker(T —2o) @ker(T —Ao)+. Hence T = Ao@ To. Therefore 
T — Xo = 0 @ (T2 — Ao) and hence 
ran(T — Xo) = (T — Ao) (H) = 0 @ (To — Xo) (ker(T — Ao)*). 
Since Ty - Ag is invertible, JT’ — Xp has a closed range. 


§3. Weyl type theorems 


For T € B(A), let a(T) = dim(ker(T)), G(T) = dim(ker(T*)), and o(T),oa(T), 0(T) 
denote the spectrum, approximate point spectrum and the point spectrum of T respectively. An 
operator T € B(H) is called Fredholm if it has closed range, finite dimensional null space and 
its range has finite co-dimension. The index of a Fredholm operator is given by ind(T) = a(T) 
- A(T). 

A bounded linear operator T is called Weyl if it is Fredholm of index zero and Browder if 
it is Fredholm of finite ascent and descent; equivalently , if T is Fredholm and T'— J is invertible 
for sufficiently small | \ | > 0, A ¢ C "4l. For T € B(H), for each non-negative integer n, define 
Tn to be the restriction of T to ran(T”) into ran(T”). If for some n, the space ran(T”) is 
closed and T,, is a Fredholm operator, then T is called a B - Fredholm operator "!, T € B(H) 
is called a B - Weyl operator if it is a B - Fredholm operator of index zero. 

Let ®,(H) = {T € B(A): a(T) < w and T(A#) is closed } 
Let ®_(H) = {T € B(A): B(T) < ow} 
denote the class of all upper semi - Fredholm operators and lower semi - Fredholm operators. 
And let ®7 (H) is the class of all left - semi - Fredholm operators, such that for every T € ©; (H), 
indT <0. 

Let SBF be the class of all upper semi - B - Fredholm operators, SBF’, be the class of 
all semi - B - Fredholm operators such that for every T € SBF, ind(T) < 0. The essential 
spectrum o-(T), the Weyl spectrum ow(T) and the Browder spectrum op(T) of T are defined 
by [18, 14]: 

oe(T) = {A €C:T — A is not Fredholm }; 

Ow(T) = {AE C:T — X is not Weyl }; 

on(T) = {A € C: T — A is not Browder }; 
respectively. And the B - Weyl spectrum, a - Browder spectrum, essential approximate spectrum 
and Weyl(essential) approximate point spectrum are defined by 

OBw(T) = {A € C: T— Ais not B-Weyl } ; 

oeu(T) = {AE C:T-A¢ 0; (H)}: 
Oa(T) = (\oa( + kK): TK = KT , K is a compact operator; 
Owa(T) = {AEC C: T—2X¢ ®,(A) and ind(T — A) < oo}; 

Evidently, o¢(T) C ow(T) C on(T) = o-(T) Uacc o(T); 
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where we write acc o(T) for the accumulation points of o(T). 

If we write isokK = K\ acck, then we write 

too(T) = {A € iso o(T) : 0< a(T — A) < oo}, 
poo(T’) = o(T)\ov(T), 
Téo(T) = {A € iso o4(T) : 0 < a(T — A) < oo}, 
o0(T) © moo(T) € mo(Z). 

We say that Weyl’s theorem holds for T € B(H) if o(T)\ou(T) = mo0(T). 

We say that a - Weyl’s theorem holds for T € B(H) if oap(T)\owa(T) = Too(T)- 

We say that Browder’s theorem holds for T € B(H) if o(T)\ou(T) = mo0(T). 

We say that a - Browder’s theorem holds for T € B(H) if tea(T) = oan(T). 

We say that generalised a - Weyl’s theorem holds for T € B(H) if Ospr, (T) = oap(T)\ 
E*(T), where E* is the set of all eigen values of T that are isolated in o,,(T). 

It is clear that [° 

generalized a - Weyl’s theorem = generalized Weyl’s theorem 
=> Weyl’s theorem = Browder’s theorem. 
and 
generalized a - Weyl’s theorem => a- Weyl’s theorem 
=> Weyl’s theorem => Browder’s theorem. 
and 
generalized a - Weyl’s theorem => a - Weyl’s theorem 
= generalized Browder’s theorem = Browder’s theorem. 

S. Mecheri !"8! has proved generalised a - Weyl’s theorem for some classes of operators. 

Here in this paper we prove generalised a - Weyl’s theorem for (a,()-normal operators. 


§3. Main results 


We say that T € B(H) has the Single Valued Extension Property (SV EP) if, for every 
open set U C C, the only analytic function f : U — H that satisfies the equation (T’— A) f(A) 
= 0 is the constant function f = 0. 

T is said to have a finite ascent if ker T™ = ker T+! for some positive integer m, and 
finite descent if ran T” = ran T"*+ for some positive integer n. 

We prove the following lemmas to prove the generalised a-Weyl’s theorem. 

Lemma 3.1. If T is (a, 3)-normal such that a 3 = 1, then T* is also (a, 3)-normal. 

Lemma 3.2. If T is (a, 3)-normal, then T has SV EP. 

Proof. Let T be (a,3)-normal. If 7o(T’) = ¢, then T has SVEP. 

Suppose 70(T) 4 4, let A(T) = {A € m0: ker(T — A) C ker(T* - A}). 

Since T is (a,3)-normal and 7o(T) 4 0, A(T) #0. Let M be a closed linear span of the 
subspaces ker(T — A) with \ € A(T). Then M reduces T, and so we can write T as a direct 
sum T = T; @T2 on M@ Mt. Here T; is normal and hence has SVEP. 1o(T2) = 0 implies 
T> has SV EP and hence T has SV EP. 

Corollary 3.3. If T is an (@,3)-normal operator such that a 3 = 1, then T* has SVEP. 
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Definition 3.4. Let T € B(H). We say that T is of stable sign index if for each », pw € 
ppr(TL) , ind (T — XI) and ind (T — pl) have the same sign. Here pgr(T) is the B - Fredholm 
resolvent set of T, i.e. ppr(T) = C ~ ope(T). 

Theorem 3.5. Let H be a Hilbert space and let T € B(H) be (a,Z)-normal operator. 
Then T is of stable sign index. 

Proof. Let T be an (a,3)-normal operator. Then ker(T) = ker(T*) = ran(T)+. 
Since ker(T?)/ker(T) ~ ker(T) Nran(T), then ker(T?) = ker(T). If T is also a B - Fred- 
holm operator, then there exists an integer n such that ran(T”) is closed and such that 
T, : ran(I”) — ran(I”) is a Fredholm operator. We have ind(T) = ind(T,,) < 0. 

And if A € pgr(T), then T — AI is a B - Fredholm operator, and T — XI is also an 
(a,@3)-normal operator, which proves ind(T — AI) < 0. Therefore T is of stable sign index. 

Corollary 3.6. Let T € B(H) be an (a,@)-normal operator, and let f be a function 
analytic in the neighbourhood of the usual spectrum o(T) of T then f(opw(T)) = coaw(f(T)). 

Proof. If T € B(#) is of stable sign index and f is a function analytic in a neighbourhood 
of the spectrum o(T) of T then f(ogw(T)) = oaw(f(T)) ©. 

A bounded linear operator T € B(#) is said to be Drazin invertible if and only if it has 
a finite ascent and descent. This is also equivalent to the fact that T = U @ V where U is an 
invertible operator and V is nilpotent. 

Theorem 3.7. Let T € B(H) be an (a,()-normal operator, then T satisfies generalised 
Weyl’s theorem. 

Proof. Let \ € o(T) and A ¢ opw(T), T — AI is a B - Fredholm operator of index 0 , 
there exist two closed subspaces M,N of H such that H=M@WN, and T—AI =U SV with 
U = (f—AI)|y a Fredholm operator of index 0 and V = (T'— AI)|y is a nilpotent operator |. 

Let S = T|y and Ivy = I|y. Since T is an (a,()-normal operator, then S is also a 
(a,3)-normal operator and (S — AI)),47 = U is a Fredholm operator of index 0. 

If A € o(S) , since S is a (a,@)-normal operator, we have ow(S) = o(S)\Eo(S) [4]. As 
\ € ow(S) we have  € Eo(S). In particular, A is isolated in o($). Since T—AIT =U@®V = 
(S —Al)iu @V, and V is a nilpotent operator, we have o(U)\{0}. Therefore 0 is isolated in 
o(T — XI) or equivalently \ is isolated in o(T). As A € Eo(S) then A € E(T). 

Conversely, if \ € F(T), then X is isolated in \(T).We have X = M @ N, where M,N 
are closed subspaces of X, U = (T’— AI)\y7 is an invertible operator and V = (T — AI)\n isa 
quasinilpotent operator From [15]. Since T is a (a,3)-normal operator, V is also (a,3)-normal 
operator. As V is quasinilpotent, we have V = 0 from [21, Chapter XI]. Hence T — XJ is Dravin 
invertible. T — XJ is a B - Fredholm operator of index 0 |. 

Theorem 3.8. Let T € B(H) be an (a,3)-normal operator, and let f be a function in the 
neighbourhood of the spectrum o(T) of T then f(T) satisfies generalised Weyl’s theorem. 

Proof. If T € B(#) is an isoloid operator which satisfies generalised Weyl’s theorem and 
if f is a function analytic in the neighbourhood of o(T) of T, then generalised Weyl’s theorem 
holds for f(T) if and only if f(opw(T)) = caw(f(T)) ©. 

Theorem 3.9. Let T be an (a,3)-normal operator such that a @ = 1, then T satisfies 
generalised a - Weyl’s theorem. 

Proof. M. Lahrouz and M. Zohry [!7) have proved that if T* has SVEP, then T satisfies 
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generalised a - Weyl’s theorem if and only if it satisfies generalised Weyl’s theorem. 
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Abstract In this paper, a construction of the regular ortho—lc—monoids is given, and it is 
shown that a semigroup S is a regular ortho—/c—monoid if and only if it is a refined semilattice 
of rectangular /c—monoids. Consequently, our main results generalize the corresponding ones 
in [1]. 

Keywords Regular ortho —lc— monoids, normal ortho —lc—monoids, refined semilattice, 


strong semilattice. 


81. Introduction 


Refined semilattice of semigroups was firstly studied by Zhang, Shum and Zhang in [2]. It 
is a natural generalization of the notation of strong semilattice of semigroups. Hence, a lot of 
results in the literature concerning strong semilattice decomposition can be further developed 
(see [3]-[6]). 

Wang, Zhang and Xie | investigated the refined semilattice structure of regular orthocryp- 
tou semigroups, they showed that a semigroup S is a regular orthocryptou semigroup if and 
only if it is a refined semilattice of rectangular u—semigroups. 

In [7], Guo, Shum and Tsai investigated a class of semigroups called ortho—Ic—monoids, 
and showed that a semigroup S' is an ortho—/c—monoids if and only if it is a semilattice 
of rectangular Ic— monoids, where a rectangular /c— monoid means a direct product of a 
rectangular band and a left cancellative monoid. Further, the authors introduced semi-spined 
product, and then proved that a semigroup S is a regular ortho—/c—monoid if and only if S is 
isomorphic to a semi-spined product of a lc—Clifford semigroup, a left regular band and right 
regular band. 

In this paper, our aim is to give another construction of regular ortho—/c—monoids. We 
shall prove that a semigroup S is a regular ortho —/c— monoid if and only if it is a refined 
semilattice of rectangular 1c— monoids. For notations and terminologies not mentioned in this 
paper,the reader is referred to [5], [7]-[9]. 


1This work is supported by the Natural Science Foundation of Guangdong Province (8151601501000002, 
9151051501000066) and the Natural Science Foundation of Huizhou University (C210 - 0216). 
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§2. Preliminaries 


First, we recall three families of generalized Green’s relations used to study certain classes 
of semigroups. Let S be an arbitrary semigroup, the following Green’*—relations are due to 
McAlister [!° and Pastijn ['J. The relations £* and R* are defined on S by the rule that the 
elements a,b of S are related by £L* (R*) in S if and only if they are related by Green’s relation 
L (R) in some oversemigroup of S. 

Lemma 1.!8! Let a,b be elements of a semigroup S. Then the following are equivalent: 

(1) (a,0) € L*; 

(2) for all z,y € S', ax = ay if and only if br = by. 

It means that 


L* ={(a,b) € Sx S: (Va,b € S')ax = ay & br = by}. 
Dual result for relation R* is 
R* = {(a,b)€ SxS: (Va,be S')za = ya & xb = yb}, 


and H* = L*NR*, Dt = L*VR*. 
El-Qallali 7) generalized Green’s *—relations to Green’s ~ —relations: 


L={(a,b)e SxS: (Ve € E(S))ae=as be = d}, 
R= {(a,b)e Sx S: (Ve 


H= 


€ E(S))ea =a eb= d}, 
if 


EL 
a) 
D V 


LVR. 


In [7], Guo, Shum and Tsai defined Green’s (*,~)— relations as follows: 


aJ*~b& J*~(a) = J*~(b) 


where J*~(a) is the smallest ideal of S' containing a and saturated by L* and R. 
It is clear that LC L* CL(R C R* CR) and there is at most one idempotent contained 
in each H—class. 


A semigroup S is abundant (semiabundant) if its each £*—class (£— class) and each 


R*—class (R— class) contains an idempotent. A semigroup S is called superabundant (semisu- 
perabundant) if and only if its each H*—class (H— class) contains an idempotent. 

A semisuperabundant semigroup S$’ is called an orthocryptou semigroup if H on S is a 
congruence and E(S) is a subsemigroup of S ©]. An orthoctyptou semigroup S is said to be a 
regular (respectively, left quasi-normal, right quasi-normal, normal) orthocryptou semigroup 


if its set of idempotents forms a regular (respectively, left quasi-normal, right quasi-normal, 
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normal) band (5), where a band is said to be regular (respectively, left quasi-normal, right quasi— 
normal, normal) if it satisfies the identity arya = axaya (ary = axvay,yxa = yaxra, arya = 
ayxa). 

A semigroup S is called a rectangular 1c—monoid if it is a direct product of left cancellative 
monoid and a rectangular band. 

In the following, we call a semigroup S o— abundant |], where o € (S$), the lattice of all 
equivlences on S, if every o— class of S contains idempotents of S. 

Definition 1.!7] A semigroup S is called an ortho—lc—monoid (regular ortho—Ic—monoid) 
if it is an H*~— abundant semigroup in which E(S) forms a subsemigroup (£(S) is a regular 
band), and the relation R is a left congruence on 9. 

By Definition 1, it is known that an ortho—/c— monoid is actually an orthocryptou semi- 
group satisfying £ = L*. 

Now, we introduce the concept of refined semilattice of semigroups . 

Definition 2.?:] Let Y be asemilattce and {Sy : a € Y} a family of disjoint of semigroups 
of type T, indexed by Y. For each pair a, 3 € Y with a > 6, let D(a, 3) be a set of index and 


{Sa(a,6) : d(a, f) € D(a, )} 


a congruence partition of Sg (i.e., the relation o on Sg defined by (bg, b) € o if and only if 
ba, bg € Saa,3) for some d(a, 2) € D(a, ) is a congruence on Sg), and for a > 6 > ¥, the 
partition 

{Sa(a,y) + Ha, 7) € D(a, 7)} 
is dense in the partition 


{Sa(6,-7) : d(B,) € D(8,7)}; 
i.e., for any d(3,) € D(3,7¥), there exists D'(a, 7) C D(a,7¥) such that 


Sa(e,7) = Ua(ayy)eD! (ayy) 2d(a,7)* 


Moreover, let 
{®a(a,8) : Sa > Sa(a,e) : d(a, 8) € D(a, B)} 


be a family of homomorphisms. Suppose the following conditions are satisfied : 

(a) D(a, q) is singleton and ®q(q,.) is the identical automorphism of Sq for each a € Y, 
where d(a, a) is the unique element of D(a, a). 

(b) (i) For any a, B,y € Y witha > 6 >7, 


{®a(a,3)Pa(B,7) : d(a, 3) € D(a, 8), d(B, 7) € D(G,7)} 


c {® a(a,7) : d(a,7) € D(a,7)}- 


(ii) For any d(a,a3) € D(a, af) and d(aB,aBy) € D(aB, af), 
Sa(a,a8)Pd(aB,aby) © Sa(a,aB): 


where d(a, a7) satisfies Pa(e,0e7) = Pa(a,a)Pd(o6,087)- 
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(c) For a, 6,y € Y with y < a@ and for any fixed ag € Sa, d(aZ,y) € D(aG,7), there 
exists d(3,) € D(G,7) such that 


{do ®a(a,y) : da, 7) € D(a, y)} Saap,y) © Sacg,r)- 
(d) For a, 8 € Y with a> @ and ag € Sa, bg € Sg, d(a, 8) € D(a, B), d (a, ) € D(a, 8), 


bp(@a® a! (a,8)) © Sa(a,p) = 63(@aPa (a,8)) = b8(@aPa(a,a)), 


and 
(doy (a,8) 08 € Sa(a,8) = (@a® a (a.,3)) bs = (da®a(a,p))bp- 
We now form the set S = U{Sq : a € Y} and define a multiplication o on S by the following 


statements. 


For any da € Sa, bg € Sig, define 


Aa 0 bs = (da Ga,03)) (b6®a(3,043))» 


where d(a, a) € D(a, a8), d(G,a3) € D(G, a8), that satisfy the following conditions: 


{GaP d(a,03) : (a, af) € D(a, af)} C S5(3,08) 


and 
{bsPae,a9) : U8, a8) € D(B,afB)} © Saag): 


Then (S' = Uaey Sa,°) is a semigroup as it has been shown in [2]. Hence, the semigroup (5,0) 
is called the refined semilattice of semigroups and is denoted by 


1 Sa(a,p)> ® a(c,8)s D(a, £); Sats 


Also, the concept of refined semilattice of semigroups is introduced in [5], where the defi- 
nitions of left (right) strong semilattice of semigroups are also given. In the following, we will 
show our results by using the properties and results introduced in [2],[5] or [6]. 


§3. Regular ortho—/c—monoids 


Firstly, the following lemmas and proposition are needed. 

Lemma 1.15! A semigroup S is a regular orthocryptou semigroup if and only if it is a 
refined semilattice of rectangular u— semigroups. 

Lemma 2.!71 A semigroup S' is an ortho—lc—monoid if and only if it is rpp and is a 
semilattice of rectangular [c— monoids. 

Proposition 1. Let S = {Y; Sa(a,8); Pa(a,8), D(a, 8); Sa = Ia x Ma X Aa}, where My 
is a left cancellative monoid and I,(Aq) a left (right) zero band for any a € Y. For any 
(a, 8), d (a, 8) € D(a, B) (a = B), if (ias day Na) Patayay = (iss 49,2) and (ia Gay Aa) Pat a8) = 
(ig,6,g), then we have ag = bg. 
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Proof. Firstly, (ig, €8, AB) (ta, a; Aa) = (ig, es, ta) [(ta;, Ga, Aa) Pa(a,s)] = (ig, ag, Xa); and 
then, 


ig, bg, Xa) 
(ta, Qa, Aa) Bg (a,8)| 


les Qa; Aa) 


iB, eg, AB Chay Clea Ae) 


78,48, A8 


, 


1g,€8,Ag 


— a SX ——S— 


) 
) 


Hence, we have ag = bg. 

Now, we begin to introduce our main theorem. 

Theorem 1. A semigroup S is a regular ortho—lc—monoid if and only if it is a refined 
semilattice of rectangular 1c—monoids. 

Proof. =) Assume that S is a regular ortho—Ic—monoid. By Lemma 2 and its proof in 
[7], it is a semilattice of rectangular /c—monoids, where the rectangular Ic—monoids are all the 
D*~ = J*~—classes of S. By its definition, it is known that a regular ortho —lc— monoid is a 
regular orthocryptou semigroup. Note by Lemma 1 that, a regular orthocryptou semigroup is 
a refined semilattice of rectangular u— semigroups, where the rectangular u— semigroups are 
all its 7— classes (see [5]). Now, using the similar arguments to prove the necessity of Lemma 
1 in [5], it is a routine way for us to check that a regular ortho —Ilc— monoid S is also a refined 
semilattice of its 7*’~—classes, i.e., it is a refined semilattice of rectangular lc— monoids. 

<=) Let S = {Y; Sace,a), Pa(a,e), D(a, 8); Sa = In X Ma X Aa}, where My is a left can- 
cellative monoid and J,(Aq) is a left (right) zero band for any a € Y. Then S is a semilattice 
of I, x My x Ag. We will finish our proof by the following steps: 

(1) S$ is an ortho —lc— monoid. 

To show this, by Lemma 2, we only need to prove that S is an rpp semigroup. Let 
(ta;G@a;Aa) € Ta X Ma X Aq. Then clearly, (ta, €a, Aa) (ta; da; Aw) = (ta; da; Aw) (ta; Ca; Aa) = 
(ta, Ga; Aa). Now, if (ta, da, Ax)UB = (ta; da; Av)Uy, Where xg € Igx MgxAg, xy € L,xM,xA,, 
then we have 


(ees Dy Ag) Lanter Ag) te = Ues Oy An) ter Cag Any, 
and then, 
(ia, Ga; Aa) ® da,0p) l(t Ca Aa) 3] Pa(x8,08) = (bar Aa; Aa) OA (o,a-7) (ba Cas Aw) Fy|PG(ay,ay) (*) 
where d(a,a() and d;(a, wy) satisfy: 

(fa, €a;Aa) #8 © Sao,09)2 (tas Car Aa) By © Sa, (a,09) 


Hence, we have af = ay. By Proposition 1 and (*), (ta, da; Aa) Paia,a3) = (tas Aa; Aa) Od, (2,0): 
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Consequently, d(a, a3) = di(a,a3). And then by (*), we have 


(ta Ga; Aa) Pa(a,ap) (ies Cas Aw) FB] Pa(a8,08) 

[(éa, Ca, ra) (ia, Ga, ra) |®aa, a3) [(ia, Eas Aa) @e] 

= (ba; €a; Aa) Paa,08) (tas Ga; Aa) PG(e,048) (tas Cas Aa) HA] 
(tas Cas Aa) Pa(e,c8) (tas Gas Aa) Pa(e,08) [tas Cas Aa) ¥4]- 


Recall that Mag is a left cancellative monoid, we can get 


(ia; €a, Xa) P d(a,03) (tas Ca, Aa) &pB = (ta, Ca, ra) ® Ga,07) (tes Ca, Aa)X, 


(erg Ca; Aa) (ia, €a, ANa)xB _ (ta, €a; Aa) (ia; €a; Na) &y- 


Thus, (ia, €a; Aa) 8 = (ta, Ca, Ax)L. SO we have shown that S is an rpp semigroup. 

(2) S is a regular ortho—/c—monoid. 

To show this, we only need to show that FS) is a regular band. In fact, since rectangular 
Ic—monoids are rectangular u— semigroups, and notice that if a semigroup S is a refined semi- 
lattice of rectangular lc— monoids, then it is a refined semillatice of rectangular u— semigroups. 
By Lemma 1, we immediately have that S is a regular orthocryptou semigroup, and then E($) 
is a regular band. 

Now, by Theorem 1 and its dual, we can obtain the following corollary at once. 

Corollary 1. A semigroup S is a regular ortho—c—monoid if and only if it is a refined 
semilattice of rectangular c—monoids. 

Restricting the previous discussions to the scope of completely regular semigroups, we can 
also have the following corollary. 

Corollary 2. A semigroup S is a regular orthocryptogroup if and only if it is a refined 
semilattice of rectangular groups. 

Next,we will show another structure theorem of the normal ortho —Ic— monoids. 

Lemma 3.) Let S$ be a refined semilattice of S,.Then S is both a left strong semilattice 
and a right strong semilattice of S, if and only if S is a strong semilattice of Sy. 

Lemma 4.15] A semigroup S is a left (right) quasi-normal orthocryptou semigroup if and 
only if it is a right (left) strong semilattice of rectangular u-semigroups. 

Now, using the similar arguments with Lemma 4 shown in [5], we can get the following 
proposition about left (right) quasi-normal ortho —/c— monoids. 

Proposition 2. A semigroup S is a left(right) quasi-normal ortho —Ic— monoid if and 
only if it is a right(left) strong semilattice of rectangular Jc— monoids . 

Lemma 5.!!5] COVB A ROVB = NB, where LOVB(RQVB) represents the variety of left 
(right) quasi-normal bands,and NB represents the variety of normal bands. 

It is known by Lemma 5 that a band is a normal band if and only if it is not only a 
left quasi-normal band but also a right quasi-normal band. Now, by Lemma 3, Lemma 4 and 
Proposition 2, we immediately have the following theorem. 

Theorem 2. A semigroup S is a normal ortho—/c—monoid if and only if it is strong 


semilattice of rectangular 1c—monoids. 
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By the above structure theorem, we can see that the normal ortho—/c—monoids are just 
the perfect rpp semigroups studied by Guo, Shum and Guo in "!, where a semigroup S is called 
a perfect rpp semigroup [1] if it satisfies the following conditions: 

(i) S is a strongly rpp semigroup; 

(ii) E(S) forms a normal band under the multiplication of S; 

(iii) £* is a congruence. 
And then, together with the main structure theorem in [1], we have the following theorem. 
Theorem 3. The following conditions are equivalent: 

1) S is anormal ortho —Ic— monoid; 

2) S is a strong semilattice of rectangular /c—monoids; 

3) 

) 


4) S is a spined product of a C—rpp (or lc—Clifford) semigroup and a normal band. 


( 
( 
(3) S is a perfect rpp semigroup; 

( 

Remark. By Theorem 3, we can see that our main results generalize the corresponding 
ones in [1]. 
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Abstract In this paper we present the Smarandache’s Concurrent Lines Theorem in the 
geometry of the triangle. 
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81. The main result 


Smarandache’s Concurrent Lines Theorem 

Let’s consider a polygon (which has at least four sides) circumscribed to a circle, and the 
set of its diagonals and the lines joining the points of contact of two non-adjacent sides. Then 
contains at least three concurrent lines. 

Proof. Let be the number of sides. If n = 4, then the two diagonals and the two 
lines joining the points of contact of two adjacent sides are concurrent (according to Newton’s 
Theorem). 

The case n > 4 is reduced to the previous case: we consider any polygon A, --- A, (see the 
figure) 

Aj 


circumscribed to the circle and we choose two vertices A;,A;(i 4 j) such that 
A;Aj_1( ) AiAiaa = P, 


and 


A;Ajyi{ )A:4i, = RB. 


Let Bp, h € {1,2,3,4} the contact points of the quadrilateral PA; RA; with the circle of center 
O. Because of the Newton’s theorem, the lines A;A;, B;B3 and Bj By are concurrent. 
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§2. Open problems related to the Smarandache Concurrent 


Lines Theorem 


2.1. In what conditions there are more than three concurrent lines? 

2.2. What is the maximum number of concurrent lines that can exist (and in what condi- 
tions)? 

2.3. What about an alternative of this problem: to consider instead of a circle an ellipse, 
and then a polygon ellipsoscribed (let’s invent this word, ellipso-scribed, meaning a polygon 
whose all sides are tangent to an ellipse which inside of it): how many concurrent lines we 
can find among its diagonals and the lines connecting the point of contact of two non-adjacent 
sides? 

2.4. What about generalizing this problem in a 3D-space: a sphere and a polyhedron 
circumscribed to it? 

2.5. Or instead of a sphere to consider an ellipsoid and a polyhedron ellipsoido-scribed to 
it? 

Comments. Of course, we can go by construction reversely: take a point inside a circle 
(similarly for an ellipse, a sphere, or ellipsoid), then draw secants passing through this point 
that intersect the circle (ellipse, sphere, ellipsoid) into two points, and then draw tangents to 
the circle (or ellipse), or tangent planes to the sphere or ellipsoid) and try to construct a polygon 
(or polyhedron) from the intersections of the tangent lines (or of tangent planes) if possible. 

For example, a regular polygon (or polyhedron) has a higher chance to have more concur- 
rent such lines. 

In the 3D space, we may consider, as alternative to this problem, the intersection of planes 
(instead of lines). 
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Abstract In this paper, we have defined ~ - Aluthge Transformation (i.e., 
TOR) wens op) eens 

T =|T"| 2U|T*|2) and have discussed some properties of it. Also by using the adjoint of x 
- Aluthge transformation (i.c., (T)*=|T"| rp |r" |2), we have discussed some properties of 
it. 
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81. Introduction 


In this paper, T is a bounded linear operator on a Hilbert space H. An operator T is said 
to be positive (denoted by T > 0) if (Tx,x) > 0 for all x € H. An operator T is said to be p - 
hyponormal if |T'?? > |T*|??, where |T|=(T*T)? for each p > 0, and it is also well known that 
” every p -hyponormal operator is q - hyponormal for p > q > 0. If p=1, T is called hyponormal, 
and if p=3, T is called semi - hyponormal.” 

Aluthge |) has defined an transformation T of T’ as T=|T|2U|T|2, where T is the Aluthge 
transformation, T=U|T| is the polar decomposition of T, where U is a partial isometric operator, 
|T| is a positive square root of T*T and N(T)=N(|T|)=N(U), where N(S) denotes the kernel 
of an operator S. In [10], Yamazaki has defined x - Aluthge transformation and have discussed 
some properties of * - Aluthge transformation. Also parallelism between Aluthge transformation 
and powers of p - hyponormal is shown. 

In Section 2, we have given the definition of Aluthge transformation and « - Aluthge 


transformation. 


§2. Some definition of Aluthge transformation and * - 


Aluthge transformation 


Definition 2.1.) n - th Aluthge transformation 
Let T=U|T| be the polar decomposition of an operator T. For each natural number n, T, 
is defined as follows: 
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—— 


Tn= (Ta-1) and Ti=T. 


Definition 2.2.9 x - Aluthge transformation 


Let T=U|T| be the polar decomposition of an operator T. Then « - Aluthge transforma- 
tion of T is defined as follows: 
(i) T*=(T*)*=|T*|2U|T*|2 (* - Aluthge transformation). 
(ii) For each natural number n, 


(*) 
i ca )=(T, )* and FO FO) (n th - x - Aluthge transformation) 


In section 3, we shall discuss some properties on the = -Aluthge transformation. 


83. ~ - Aluthge transformation 


In this section, we shall define ~ - Aluthge transformation which is parallel to « - Aluthge 
transformation. And we shall show some properties of ~ - Aluthge transformation. Here we use 
the transformation T of T as T=|T|2U|T|2, where T is the Aluthge transformation, T=U|T| 
is the polar decomposition of io 

If T is a bounded linear operator on a Hilbert space, then we know that 
(i) T=U|T| =|T*|U is the polar decomposition of an operator T’. 

(ii) T*=|T|U*=U*|T*| is the polar decomposition of T*. 
(iii) If T=|T|2U|T|2 is the Aluthge transformation then the adjoint of Aluthge transformation 
F is given by F = |F* [30 /F"|5. 
Theorem A.!!°! Let T € B(H). Then the following assertions hold: 
(i) o(T)=o(T)=0(T). 
(ii) w(T)=w(T™), where w(T) is the numerical radius of T. 
(iii) ([T=|T|. 

Theorem 3.1. Let T € B(H) and T=U|T| be the polar decomposition of an operator je 
and T=|PRo TH is the Aluthge transformation then o(T)=0(T)=0(F). 

Proof of the Theorem: 


Theorem B.!! Let A,B € B(H). If A has a decomposition A=H +iK such that H 
commutes with K and o(H),o(K) € R, then o(AB)=o(BA). Hence, if A is normal, then 
o(AB)=o0(BA). 


First we take and prove o(T)=o(T), 
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Next we take o(T)=o(T™), 
o(T) =o ee ) 

«| 2 TF* 
IP*|7|T jae, 
IP"? 2U*|T*|?) 

*). 


Theorem 3.2. Let T € B(H) and T=U|T| be the polar decomposition of an operator 


=0 
=0o 


( 
( 
( 
(T* 


* BS nie Sct ee s(#) 
T, and T=|T|2U|T|2 is the Aluthge transformation then w(T)=w((T )), where w(T) is the 
numerical range of T. 


~(*) z 


Proof of the Theorem. To Prove: w((T \)< w(T). 
=(*) Bohs arose BB hate ane, Poni at he) ee ie eG es 
(T )=|T*|20|T*|2 =U (\T|) 2 0*U0|T|2 O* =O ||T|2 O/T |2 |0* =U TU" (3.2.1) 
Hence, 


= (x) ~(x) 
w((T )) = sup |(7 2, 2)| 


= sup |(UTU*z,z)| 


= sup |(TU*z,U*2)| 


= Ute - 
= sup (Tl : : =) |\|U*2\|? 
eat ||O*a Ti a| 
Ste. i 
< sup fo eee | 
ai=1 ||O*a|’ |T*2|| 
< w(T) 
x(*) Po 
To Prove: w((T )) > w(T). 
T=|T|2U|T|2 =U*|T*|2 UUU* |T*|2 0=U* |T* |2O|T* |2]U=U" (TU. (3.2.2) 


Hence, 
w(T) = sup |(Tax,x)| 


axe 


= sup |(U*T Uz,zx)| 


EU ce. os 
= sup ((T Uz,Uz)| 


| Ux 


= su 

on ( joa)” i |||? 
< sup T)" Ur Us 
~ lell= Fal] Oa 


IA 
= 
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es x(*) 
Therefore w(T)=w((T' )). 
Corollary 3.3. Let T € B(H) and T=U|T| be the polar decomposition of an operator T, 
ms ~ x(*) 
and T=|T|2U|T|2 is the Aluthge transformation then ||T||= ||T ||. 
Proof of the Corollary. Proof follows from above theorem using (3.2.1) and (3.2.2). 
In Section 4, we shall discuss some properties on the adjoint of « - Aluthge transformation. 


§4. Some properties on the adjoint of « - Aluthge transfor- 


mation 


If T is a bounded linear operator on a Hilbert space, then we know that 
(i) T=U|T| =|T*|U is the polar decomposition of an operator T’. 
(ii) ed pe is the polar decomposition of T*. 
(iii) If T=|T|2U|T|2 is the Aluthge transformation then the adjoint of Aluthge transformation 
T* is given by T®)=|T|2U*|T|2. 
(iv) If T=(T*)*=|T*|2U|T*|2 is the * - Aluthge transformation then its adjoint is given by 
(FO s|reor rs, 


Theorem A.!!°! Let T € B(H). Then the following assertions hold: 
(i) o(T)=0(T)=0(T). 
(ii) w(T)=w(T™), where w(T) is the numerical radius of T. 
(iii) ([T=|T|. 

Theorem 4.1. Let T € B(H) and T=U|T| be the polar decomposition of an operator T, 
and T=|T|2U|T|2 is the Aluthge transformation then o(T*)=o((T'))*) =o(T"). 

Proof of the Theorem. 

Theorem B.!! Let A,B € B(H). If A has a decomposition A=H +iK such that H 
commutes with K and o(H),o(K) € R, then o(AB)=o(BA). Hence, if A is normal, then 
o(AB)=o0(BA). 


o(I™) = o(\T ae 

= o(\T|2|T |? a 
(|T|2U*|T|?) 
(T*), 


=Co 


and 


o(1™) =o 
= 0(U* tal IT*|?) 
= o(|T*|2U*|T"|?) 
(Goes 


le") 


=CO 


Since |T|? and |T*|? are normal and by using Theorem B. 
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No. 2 


Theorem 4.2. Let T € B(H) and T=U|T| be the polar decomposition of an operator T, 
and T=|T|2U|T|? is the Aluthge transformation then w(T*)= w((T)*), where w(T) is the 


numerical range of T. 


Proof of the Theorem. To Prove: w((T))*) < w(T*). 
(T))*=|T*|2U*|T*|2=U|T|2U*U*U|T|2U* =U ||T|2U* |T|2]U* =U T*U* 


Hence, 


w((T)*) 


= sup |((T)*2,2)| 

= sup (UT*U*a, x)| 

= sup (T*U*x,U*2)| 
~, U* U* 

=P Trap Torey a? 
~, U*x U*a 

Se Tor Tea 

<w(T"). 


To Prove: w((T)*) > w(T*). 


T*=|T|2U*|T|2 =U*|T*|2 UU*U* |T*|2 U= U* ||T* |2U* |T* | 2 |JU=U* (T)* 0. 


Hence, 


w(T*) = 


< 


8 


Il Oo 


(T* x, x)| 
(U*(T“)*Ua, x) | 


(T)'UVaz,Ua)| 


~ Ux Uz 

T(*) ae ee ec 2 
(PO) Ta Telvell 
~ Ux Uz 

TP)y* 
(ee) Tek lux" 


< w((P™)*). 


Therefore w(T*)=w((T)*) 


(4.2.1) 


(4.2.2) 


Corollary 4.3. Let T € B(H) and T=U|T| be the polar decomposition of an operator T, 
and T=|T|?U|T|2 is the Aluthge transformation then ||T*||=||(T@)* ||. 
Proof of the Corollary. Proof follows from above theorem using (4.2.1) and (4.2.2). 

Theorem C.|!°] Let T € B(H). Then for each p > 0, T is p - hyponormal = T“) is p - 


hyponormal. 


Theorem 4.4. Let T € B(H), then for each p > 0, then T* is p - hyponormal = (roy) 


is p - hyponormal. 
Proof of the Theorem. 


Proof of (=) part. If T* is p - hyponormal then 


Cyr rs (Or rr, 
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Then, 


Cee) 


= (TT*)? > (T*TY?. 


Cues 


fad UE 2) 

U|T|? ‘Ulrie“? 2U*)? 

= U(|T|PU|T |? |T|2U*|T|2)PU" 
=UurTr yy 


P( 
= (We Hues ee Aue 4 
=( 
=( 


Sur oe T*is p - hyponormal. 
> U(\L|2U* LF]? |L|2U ||? )PU* 
aun 2U*|T|U|T |? ee 

2 (|g |2 eel 2) 

> (\P*|2U*|T*|2|T*|2U|T"|2)P 

( pele Te )\p 

( 


( 
Cee. 


Therefore (T (*))* is p - hyponormal. 


Proof of < part. If (rey. is p - hyponormal then 
(CFO) FON > (FO EO) +)? 
= (TPO) re > CT ere, 


Then 


oI 


|" 
Ts 


ay? 
rr 


T\3 
T|U*|T|2)? 
2U|T*|U*|T*|2U*)? 
(\0*|2U|2*|2 |L"|2U*|T*|2)PU 
(TO (FO) *\PU 

{re yrer 
- 


ea 


Therefore T* is p - hyponormal. 


|T|2U*|T|2)? 


i PU, since (T“)*is p - hyponormal. 
aU nro ye 
(U*|T"|2U" eee? u)P 
a u*irivirl4 a)P 
> (\T|2U*|T|2|T|2U|T 2)? 
ie 
( 
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Hence the proof. 
Theorem 4.5. If T=|T|2U|T|2 is hyponormal for 
also hyponormal. 
Proof of the Theorem. 
T is hyponormal for $ <p<l 
=> (T*T)2 > (TT*)2 


1 oe ig hs PK) 46 
5 <p <1, U is unitary then T) is 


(or) Equivalently 
U*|T*|U > |T| > U|T*|U*. 
Then, 


GOTO PO eer = et eut rat Ua") PU ea 
= [|T*|2U*|E*|U|L*|2] — [P| 2U|T* |U* |T*|] 
= |T*|2(U*|E*|U]T*|? — |P*|2 [U|T* UIT" | 
= |T*|?(U*|2*|U — U|T*|U* ||" 2 
>0 


= Tis also a hyponormal. 


Hence the proof. 
Lemma 4.6. If A > 0 and z is a non - zero vector then ||Az|| > || A22||?||a||~?. 
Theorem 4.7. Let T=|T|2U|T|? be the polar decomposition of the operator T. If 


IT |=|T)|, then T is paranormal. 
Proof of the Theorem. Let x be a unit vector. Since |/T(?2x|| > ||T«l|?. Clearly 
holds if T~=0. We may assume THa #0. Thus 


[FO al] = [TF 
> ||T}2TO a]?||Tx||-"by Lemma 4.6. 


= ||PO|T [2 oP TO x? 


TOTO |2a/P|TOx|-} 


> IPO ]2|TO|2 x||4I| [TF |2 el] -2||Fa||-by Lemma 4.6. 
> [IT aA 7 [22 || 7 TO2|-*Since |[T| = |T|. 
> [TO |x||4 I/F [eA ||P 2||-? by Lemma 4.6. 


T a||?. 
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Abstract The aim of the paper is to study some properties and interrelations of v-lindeloff, 


lindeloff and weakly lindeloff spaces. 


Keywords v-—lindeloff, nearly lindeloff, weak lindeloff, semi lindeloff and almost lindeloff 


spaces. 


81. Introduction 


Cammaroto, Faro and T. Noiri introduced and studied weakly compact spaces which are 
strictly weaker than the notions of almost-compact spaces due to Singhal and Singhal. Almost 
compact spaces were called quasi-H-closed spaces by Porter and Thomas. Almost compact 
spaces are well known as H-closed spaces. M. K. Singhal and A. Mathur studied nearly compact 
spaces and the authors of the present paper studied basic properties of v-compact and v- 
Lindeloff spaces using v-open sets which are introduced by Cameron and V. K. Sharma. Also 
recently the authors studied about interrelation of v-compactness and regularity. In the present 
paper we tried to extend the concept of compactness to lindeloffness and studied interrelation 
between v-lindeloff, lindeloff and weakly lindeloff spaces. Throughout the paper X means a 


topological space unless otherwise mentioned without any separation axioms defined in it. 


§2. Preliminaries 


Definition 2.1. A C X is said to be 
1. Semi open(v-open) if there exists an open (regular open) set U such that U C ACU. 


2. Regular open if A = (A)°. 


Note 1. 
/ v—open \, 


Regular open semiopen 


\, open 7 
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Definition 2.2. AC X is said to be 
1. a-Hausdorff iff for any points a,b € X, where a € A and b € X — A, there are disjoint open 
sets U and V containing a and b respectively. 
2. a-regular iff for any point a € A and any open set U containing a, there exists an open set 
V such that ae V CV CU. 
3. a-almost regular [resp. Weak almost regular] iff for any point a € A and any regular-open 
set U containing a, there exist a regular-open set V such that ae V CV CU. 
4. Almost v-regular iff for any point a € A and any v-open set U containing a, there exists a 
v-open set V such thataeV CV CU. 
Note 2. From the above definition we have the following interrelations among the spaces. 
a-almost regular — a-regular — a-Hausdorff where none of the relation is reversible. 
Definition 2.3. A Cc X is said to be 
1. Compact (resp. semi compact, nearly compact, v-compact) if every open (resp. semi open, 
regular open, v-open) cover has a finite sub cover. 
2. Lindeloff (resp. semi Lindeloff, nearly Lindeloff, v-Lindeloff) if every open (resp. semi open, 
regular open, v-open) cover has a countable sub cover. 
3. Almost compact [lindeloff] if every open cover has a finite [countable] subclass whose closure 
covers X. 
4. Weakly compact [lindeloff] if every regular open cover has a finite [countable] subclass whose 
closure covers X. 
Example 1. Any closed and bounded subset of # with usual topology is y—compact. 
Example 2. # with usual topology is not y—compact. 


Note 3. 
/ v-lindeloff \, 


semi lindeloff nearly lindeloff > almost lindeloff + weakly lindeloff 
\, lindeloff 7 
where none of the relation is reversible. 
Definition 2.4. A mapping f: X — Y is said to be 
(i) Almost continuous if inverse image of every regular open set is open. 
(ii) v—continuous if inverse image of every v—open set is open. 
(iii) v—irresolute if inverse image of every v—open set is y—open. 
Lemma 2.1. Let f: X — Y is almost continuous then for each A C Y(f-'(A)) C f-1(A). 
Definition 2.5. A subset 5S of a space X is v-lindeloff relative to X if for each v-open 
cover {V, : a € V} of S by v-open sets of X 5 for each a € V, AF, € RC(X) 3 Fy Cc Vy and 
S cCU{(Fy)?: a € V} there exists a finite subset Vo of V such that S C U{Fy: a € Vo}. 


§3. Properties of v-lindeloff spaces 


Definition 3.1. A C X is said to be 
(i) v-lindeloff space if every y—open cover of A has a countable subcover. 
(ii) Countably v-lindeloff space if every countable v—open cover of A has a countable subcover. 
(iii) o v—lindeloff if A is the countable union of v-lindeloff spaces. 
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Example 3. Every v—compact space is v-lindeloff. 

Example 4. 3 with semi-open interval topology is v-lindeloff as well lindeloff. 

Definition 3.2. Let S Cc X. A point x € X is said to be 
(i) v—[w-Jaccumulation point of S if every v—[regular-open]open nbd of x intersects S. 

(ii) The union of S and the set of all v—[w-Jaccumulation points of S is called v—[w-|closed set. 

Remark 1. Every w-closed set is y—closed. 

Theorem 3.1. Let A be r-open. A C X is a v-lindeloff subset of X iff the subspace 
(A, 7a) is v-lindeloff. 

Proof. Assume A is v-lindeloff. Let {G; : 4 € I} be any v—open cover in (A,7/,4). Since 
each G; is y—open in A and G; C A C X, each G; is y—open in X. By v-lindeloffenss of X, 
this cover have a countable subcover, which in turn give a countable subcover for A in (A, 7,4). 
Hence (A, 7/4) is v-lindeloff. 

Conversely, Assume (A,7/,4) is v-lindeloff. Let {H; : i € I} be any v—open cover for A 
in X. Since each H; is y—open in X and A C X is r-open, each G; = H;M A is y—open in A 
and {Gi : 7 € I} form a v—open cover for A. By v-lindeloffenss of (A,7/,4), this cover have a 
countable subcover, which in turn gives a countable subcover for A in X. Hence A is a v-lindeloff 
subset of X. 

Theorem 3.2. 

(i) v—closed subset of a (countably) v-lindeloff space is (countably) v-lindeloff. 
(ii) v—irresolute image of a (countably) v-lindeloff space is (countably) v-lindeloff. 
(iii) Countable union of (countably) v-lindeloff spaces is (countably) v-lindeloff. 

Proof. (i) Let X be v-lindeloff and A Cc X be v—closed. Let {Ug : a € A} be any v—open 
cover for A. Let Up = X — A and A’ = AU {0}. Then {Uy : a € A’} is a v—open cover for 
X. Since X is v-lindeloff, there exists a countable subset Aen Ss xe Lea Vo. Since 
AC X & ANU = 4, also A” — {0} CA. AC Ugea—40} Ua» Hence {Ua : a € A” — {0}} is 
a countable subcover of A from {U, : a € A}. Hence A is v-lindeloff. 

If X is countably v-lindeloff, A will be countable set. 

(ii) Let f : X — Y be v—irresolute and let X be v-lindeloff. Let {V; : i € I} be any 
v—open cover for f(X), then each V; is y—open in f(X). Since f is v— irresolute, each f~'(V;) 
is v—open in X, By v-lindeloffness of X, we have X C U%,f-'(V;) implies X C USL, f° '(Vn). 
Thus f(X) © Un2iVn- 

Remark 2. (countably) v-lindeloffness is a weakly hereditary property. 

Theorem 3.3. 

(i) v—continuous image of a (countably) v-lindeloff space is (countably) lindeloff. 
(i) v—continuous image of a (countably) v-compact space is (countably) lindeloff. 

Proof. (i) Let X be v-lindeloff and f: X — f(X) is v—continuous. Let {U; : i € I} be 
any open cover for f(X) > each U; is open set in f(X) > each f-'(U;) is v—open set in X > 
{f-'(U;) : i € I} form a v—open cover for X. By v-lindeloffness of X we have X Cc UP, f-'(Ui) 
=> f(X) C UP, Un > {Un : n = 1 to oo} is a countable subcover for f(X). Hence f(X) is 
lindeloff. 

(ii) Clear from (i) above and Example 3. 

Definition 3.3. X is said to be locally v-lindeloff space if every x € X has a y—nbd whose 
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closure is v—lindeloff. 

Note 4. Every v-lindeloff space is locally v-lindeloff. 

Theorem 3.4. If f: (X,7) > (Y,¢) is v—irresolute, y—open and X is locally v-lindeloff, 
then so is Y. 

Proof. Let y © Y. Then dr € X 5 f(x) = y. Since X is locally v-lindeloff x has a 
v-lindeloff nbd V Then by v—irresolute, v—openness of f, (V) is a v-lindeloff nbd of y. Hence 
Y is locally v—lindeloff. 

Corollary 3.1. If f: (X,7) > (Y,¢) is v—irresolute, y—open and X is y— compact, then 


Y is locally v-lindeloff. 

Proof. Follows from above two theorems. 

Theorem 3.5. AC X be r-open. Then A is locally v-lindeloff subset of X iff the subspace 
(A, 7a) is locally v-lindeloff. 

Proof. Follows from the Definition 3.3 and Theorem 3.1. 

Theorem 3.6. (i) v—closed subset of a locally v-lindeloff space is locally v-lindeloff. 

(ii) Countable product of locally v-lindeloff spaces is locally v-lindeloff. 
(iii) Countable union of locally v-lindeloff spaces is locally v-lindeloff. 

Proof. Follows from the Definition 3.3 and Theorem 3.2. 

From the Definitions and Remark 1, we have the following: 

Remark 3. For any space nearly-compact => v-lindeloff > semi-lindeloff but the converse 
is not true in general. 

The proof of the following theorems is routine, hence omitted. 

Theorem 3.7. If A is v-lindeloff subspace of X, then A is v-lindeloff relative to X. 

Theorem 3.8. The following are equivalent: 

(i) X is v-lindeloff. 

(ii) For every family of v-closed sets in X satisfying empty intersection, there is countable sub- 
family whose intersection is empty. 

(iii) Every family of v-closed sets with countable intersection condition has a non-empty inter- 
section. 

Proof. (i) = (ti) X is v-lindeloff and {V; : i € I} is a family of v—closed sets with 
Navi = o Tf N°, Vn A ¢ then by De Morgan’s Law we have UP, V,° # X implies US, V,° F 
X which in turn gives that N,V; 4 ¢ which is a contradiction. Hence N°_,V, = ¢. 

(it) = (iti) Assume (ii) and let {Vj : 7 € I} is a family of yv—closed sets with N°L,Vn # ¢. 
If N72,V;i = @ then by De Morgan’s law we have U%,V,° = X implies USL,V,° = X which in 
turn gives that N°2,V, = ¢ which is a contradiction for (ii). Hence N,V; F ¢. 

(iti) = (2) Similar argument using De Morgan’s Law gives the proof of this part and hence 
omitted. 

Alexandroff’s Subbase theorem for v-lindeloff spaces 

Theorem 3.9. ILX; is v-lindeloff if and only if every X; is v-lindeloff. 

Proof. Assume I; X; is v-lindeloff and Fix 7 € I. Let P; : W;X; — X; be a projection 
and let {Vj : i € I} be a v—open cover of X;. Then {Ilz;X; x V} : 4 € I} is a v—open cover of 
II, X;. Since ,Xq is v-lindeloff, 3 a countable subfamily such that I]; X; = Ue Tee x Vj). 
By projection P; : X; = Uj_, Vj. Therefore X; is v-lindeloff. 
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Conversely, Let {U; = lozo,;Xa X Var X +++ X Uanj : Uoig is v—open in Xqij for each i 
=1ton, j € I} be a v—open cover of ,Xq. Then {P;(u;) : 7 € I} is a v—open cover of X;. 
By Assumption, 4 a countable subfamily {P;(u;) : 7 = 1 to n} 3 X; =U Pi(U;). 

Case 1. If T,X; = jaa P,(U;) then II;X; is v-lindeloff. 

Case 2. If not, there exists atmost countable ¢),@2,--- ,ln, 3 Xe, = are Po,(Ux,,) for 
each €, € {1,€2,--- ,€n}. Therefore TaXa = Up_i(Ujn) U Upiey (Ujr) U ++ U Usa U5r)- 
Hence II,.X, is v-lindeloff. 


But Product of any two v—lindeloff spaces is not v—lindeloff. 


Example 5. Sorgenfrey Plane. 

Theorem 3.10. IfS is an arbitrary v-lindeloff subset of X, then every infinite subset of S 
has a v-accumulation point. 

Proof. Let X be v-lindeloff and let A be an infinite subset of X not having y—accumulation 
point then D,(A) = ¢ and so A is vy—closed in X. If B is any infinite subset of A, then for each 
b € B there exist a y—open set V, containing b such that V, contains no point of A other than b. 
Now the family {V, : b € B} forms a vy—open cover of B. By Theorem 3.2; B itself is v-lindeloff, 
but any countable subfamily of {V, : b € B} do not cover B, which is a contradiction. Therefore 
the infinite subset A of X has a y—accumulation point. 

Theorem 3.11. IfS is an arbitrary v-lindeloff subset of X, then every infinite subset of S 
has a w-accumulation point. 

Proof. Let X be v-lindeloff and let A be an infinite subset of X not having w—accumulation 
point in S, then for each x € S there exist a regular-open set V, containing x such that 
(V, — 2) A = ¢. Now the family {V, : « € A} forms a v—open cover of A. Since S is 
v-lindeloff, any countable subfamily of {V, : « € S} do not cover S, which is a contradiction. 
Therefore the infinite subset A of S has a w—accumulation point. 

Theorem 3.12. Let X be a v-lindeloff space, and let {.5;} be a descending chain of w-closed 
subsets of X, then Mp>15Sn F ¢. 

Proof. Choose a point xz, € S,, for each n = 1,2,...... then x, will have a w-accumulation 
point zo in X by Theorem 1 !"4J, since X is v-lindeloff, X is nearly compact and hence it is 
w-closed. On the other hand, for each n = 1,2,---; x9 becomes a w-accumulation point of 
{xp,Ue+41,°++ } also, hence of S;. Since each S; is w-closed, we know that 29 € S, for each k, 
hence the intersection of all S$; is not empty. 

Theorem 3.13. If f: X — Y is almost continuous, X is v-lindeloff and Y = f(X) then Y 
is v-lindeloff. 

Proof. Let {V.} be v-open cover of Y, then for each a there exists a regular open 
set A, such that Ay C Va C Ag implies that f-'(Aa) C f- (Va) C f-'(Aa) = (f*(Aa)) 
implies that {f'(V.)} is semi-open cover of X > {f-'(Va)U(f-1(Va)7°} is v-open cover for X 
=X =U Fan) U Wand) } = UE and)? > X CUR Ea)? = ¥ 
US_1((Aan))° = Y C U%, Aan > Y C US, Van. Hence Y is v—lindeloff. 

Corollary 3.2. If f: X — Y is almost continuous, X is y-compact and Y = f(X) then Y 
is v-lindeloff. 

Proof. By Theorem 3.13 8! Y is y—compact and so by Example 3, Y is v—lindeloff. 


Theorem 3.14. If f is an almost continuous open mapping of a topological space X into 
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a v-lindeloff space Y with f-'(f(Aa)) C (Aa) for each regular open set A, of X, then X is 
v-lindeloff. 

Proof. Let {V.} be v-open cover of X, then {f(Vq)} is semi-open cover of Y so {f(Vq) U 
(iV) "| ag pepe cover tor Yo = YS UP Vi) Uva) Ob Ue ive) 8} 
US. (f(Aan)~°}, it follows that, X = USL,(f-'(f(Aan))~)°?. By Lemma 2.1 and hypothesis 
for f, X = UR (fAan))~? © USF" f{Aan)@2) C U4 (Aan)~? = U4 (Aan) C U,Van- 
Hence X is v-lindeloff. 

Corollary 3.3. If f is an almost continuous open mapping of a topological space X into 
a v-compact space Y with f-'(f(A.)) C (Aa) for each regular open set Aq of X, then X is 
v-lindeloff. 

Proof. By Theorem 3.14 ® X is y—compact and hence X is v-lindeloff. 


Combaining 3.13 and 3.14 we have the following corollary. 
Corollary 3.2. If f is an almost continuous open bijection, then X is v-lindeloff if and 
only if Y is v-lindeloff. 


§4. Relation between v-lindeloff and compact spaces 


Definition 4.0. An open base is said to be a regular open base if the elements of the base 
are regular open sets. 

Lemma 4.1. If X is v-lindeloff and semiregular then X is lindeloff. 

Proof. Let {O; : i € I} be an open cover of X. Since X is semiregular, there is a regular 
open basis B and we have v-open cover {B! :O; = U,B! for each i, where BI € By. By 
v-lindeloffness of X, X C ee. => Up2, Ox. Therefore X is lindeloff. 

Lemma 4.2. Every nearly lindeloff and semiregular space is lindeloff. 

Proof. Let {O; : i € I} be an open cover of X. Since X is semiregular, there is a regular 
open basis B and we have v-open cover {B! :O; = U,;B? for each i, where BI € B}. By nearly 
lindeloffness of X, X C hasan es => UR2, Ox. Therefore X is lindeloff. 

Corollary 4.1. 

(i) If X is y-compact and semiregular then X is lindeloff. 
(ii) Every nearly compact and semiregular space is lindeloff. 

Proof. Consequence of Lemma 4.1, Lemma 4.2 and Lemma 4.1 ®!, Corollary 4.1 ©). 

Theorem 4.1. If A CX is Almost v-regular and lindeloff, then A is v-lindeloff. 

Proof. Let {U;} be any v-open cover of A and let « € A be any point, then for x € A 
there exists a v-open set U,, containing x and by almost v-regularity there exists an open set 
V, such that « € V, C Vz C U. For {V,} forms a open cover and X is lindeloff, X = U%, Von. 
Thus A C (US, Vin) = U924(Ven) C USL,;U2n, which implies that A is v-lindeloff. 


Theorem 4.2. If A C X is Almost v-regular and compact, then A is v-lindeloff. 


Proof. Let {U;} be any v-open cover of A and let « € A be any point, then for x € A 
there exists a v-open set U, containing x and by almost v-regularity there exists an open set 
V, such that 2 € V, C V, CU. For {V,} forms a open cover and X is compact, X = Ut, Vzi. 
Thus A Cc (Ur_, Voi) a Ue (Vea) C U%_, Uzi, which implies that Ais yv—compact and thus A is 
v-lindeloff. 
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Theorem 4.3. If A CX is Almost regular and lindeloff, then A is v-lindeloff. 

Proof. Let {U;} be any v-open cover of A and let « € A be any point, then for x € A 
there exists a v-open set U, containing x and by almost-regularity there exists a regular open 
set V, such that x € V, C V, C U. For {V,} forms a regular open cover and X is lindeloff, 
{V,} forms an open cover and X is lindeloff gives X = USL,Ven. Thus A~ C (US Ven) = 
U2 1 (Vin) C US1Urn, which implies that A is v-lindeloff. 

Corollary 4.2. If A CX is Almost regular and compact, then A is v-lindeloff. 

Proof. Let {U;} be any v-open cover of A and let « € A be any point, then for x ¢ A 
there exists a v-open set U, containing x and by almost-regularity there exists a regular open 
set V; such that x € V, C V, C U. For {V,} forms a regular open cover and X is compact, 
{V,} forms an open cover and X is compact gives X = U?_,V,;. Thus A~ C (Can) = 
U?_, (Vii) C UPL, U2i, which implies that A is v-lindeloff. 

Theorem 4.4. If A CX is weak almost regular and nearly lindeloff, then A is lindeloff. 


Proof. Let {U;} be any open cover of A and let x € A be any point, then for x € A there 
exists a regular-open set U, containing x. By weak almost regularity there exists a regular-open 


set V, such that « € V, C (V,) C U. For {V,,} forms an open cover and X is nearly lindeloff, X 
= U1 Ven. Thus A © (US, Ven) = U1 ((Ven)) © US Uen, which implies that A is lindeloff. 


n=1 


Corollary 4.3. If A CX is weak almost regular and nearly compact, then A is lindeloff. 
Proof. Let {U;} be any open cover of A and let x € A be any point, then for x € A there 


exists a regular-open set U, containing x. By weak almost regularity there exists a regular-open 


set V, such that « € V, C (V,) C U. For {V,} forms an open cover and X is nearly compact 
IN > X = UNVzi. Thus A C (UN Vai) = UN, ((Vei)) C UM, Uzi, which implies that A is 
compact. Thus A is lindeloff. 

Corollary 4.4. If A CX is weak almost regular and v-lindeloff, then A is lindeloff. 


Proof. Let {U;} be any open cover of A and let x € A be any point, then for « € A 
there exists a regular-open set U, containing x and by weak almost regularity there exists a 
regular-open set V, such that « € V, C Vz C U. For {V,} forms a open cover and X is v- 
lindeloff, X = USL, Ven. Thus A C (U%, Ven) = U2L1((Ven)) © U2L,Uen, which implies that 
A is lindeloff. 

Corollary 4.5. If A CX is weak almost regular and v-compact, then A is lindeloff. 

Proof. Let {U;} be any open cover of A and let x € A be any point, then for x € A there 
exists a regular-open set U, containing x and by weak almost regularity there exists a regular- 
open set V; such that x € V, C Vy C U. For {V,} forms a open cover and X is v-compact, 
X = UP, Vei. Thus AC (UP, Ver) = UPL ((Vei)) C ULLyUs2:, which implies that A is compact 
and hence A is lindeloff. 


Theorem 4.5. Every almost v-regular and almost lindeloff subset A of X is v-lindeloff. 


Proof. Let {U;} be any v-open cover of A and let x € A be any point, then there exists 
iz € I such that x € U;, then there exists a open set V, such that « € V, C V, C Ujz. Now {V,} 
forms a open cover and X is almost lindeloff, A C We). Thus {Uz:; ba is a countable 
subcovering of {U;}. Hence A is v-lindeloff. 

Theorem 4.6. Every almost v-regular and almost compact subset A of X is v-lindeloff. 


Proof. Let {U;} be any v-open cover of A and let x € A be any point, then there exists 
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iz € I such that x € Uj, then there exists a open set V, such that « € V, C Vz C Ujz. Now 


{V,,} forms a open cover and X is almost compact, A C U?_)(Veij). Thus {Uxij}7_y is a finite 
subcovering, which in turn a countable subcovering of {U;}. Hence A is v-lindeloff. 
Theorem 4.7. Every weak almost regular and nearly lindeloff subset A of X is v-lindeloff. 
Corollary 4.6. Every weak almost regular and v-lindeloff subset A of X is lindeloff. 


Theorem 4.8. If in X, there exist a dense weak almost regular, regular lindeloff subset A 
of X, then X is lindeloff. 


Theorem 4.9. Let A be any dense almost v-regular subset of X such that every v-open 
covering of A is a v-open covering of X. Then X is almost lindeloff if and only if X is v-lindeloff. 


Theorem 4.10. Each v-lindeloff metrizable space is finite. 


§5. Relation between v-lindeloff and weakly lindeloff spaces 


Theorem 5.1. If X is weakly lindeloff and almost regular, then X is v-lindeloff. 

Proof. Let {V;} be any v-open cover of X. For each x € X, there exists iz € I such that 
x € Viz. Since X is almost regular, there exists a regular open set G;, such that x € Gj, C 
(Giz) C Viz. This implies  € Giz C (Giz) C Vie where Giz are open. Since X is weakly 
lindeloff, X = USL, (Gna). Thus X = U%,(Vnz). Hence X is v-lindeloff. 

The following two corollaries are immediate consequences of above theorem and the proofs 
are thus omitted. 

Corollary 5.1. An almost regular space X is weakly lindeloff if and only if X is v-lindeloff. 

Corollary 5.2. A Hausdorff space X is almost regular and weakly lindeloff if and only if 
X is v-lindeloff. 

Theorem 5.2. If X is weakly compact and almost regular, then X is v-lindeloff. 

Proof. Let {V;} be any v-open cover of X. For each x € X, there exists iz € I such that 
x € Viz. Since X is almost regular, there exists a regular open set G;, such that x € Giz C 
(G5 C Viz. This implies x € Giz C (Giz) C Vie where Giz are open. Since X is weakly 
compact, X = UP (Gi): Thus X = U?_, (Viz). Hence X is v-lindeloff. 

The following two corollaries are immediate consequences of above theorem and the proofs 
are thus omitted. 

Corollary 5.3. An almost regular space X is weakly compact if and only if X is v-lindeloff. 

Corollary 5.4. A Hausdorff space X is almost regular and weakly compact if and only if 
X is v-lindeloff. 


Conclusion 


In this paper we studied some properties and interrelations of v-lindeloff, lindeloff and 
weakly lindeloff spaces. 


66 S. Balasubramanian, P. Aruna Swathi vyjayanthi and C. Sandhya No. 2 


Acknowledgement 


The Authors are thankful to the referees for their critical comments for the development 
of the paper. 


References 


1] S. Balasubramanian, C. Sandhya and P. A. S. Vyjayanthi, v — T;,v — R; and v — C;- 
axioms, Scientia Magna, 4(2008), No. 4, 89-106. 
2| S. Balasubramanian, P. A. S. Vyjayanthi and C. Sandhya, v-compact spaces, Scientia 
magna, 5(2009), No. 1, 29-33. 

3] S. Balasubramanian, C. Sandhya and P. A. S. Vyjayanthi, note on regularity and v- 
compactness, IJCMS, 5(2010), No. 1, 6777-784. 
4] S. Balasubramanian, C. Sandhya and P. A. S. Vyjayanthi, v-open sets and y—mappings, 
IJMSEA, 4(2010), No. II, 395-405. 
5] Charless Dorsett, Semi compact R,, and Product spaces, Bull. Malayasian Math. Soc., 
2(1980), No. 3. 
6] Charless Dorsett, Semi compactness, semi separation axioms and Product spaces, Bull. 
Malayasian Math. Soc., 4(1981), No. 2. 
7| F. Cammaroto and T. Noiri, A note on weakly-compact spaces, I. J. P. A. M., 16(1985), 
No. 12, 1472-1477. 
8] Ilija Kovacevic, A note on a-regularity and compactness, Univ. u. Novom Sadu Zb. 
Rad. Prirod. Mat. Fak. Ser. Mat., 19(1989), No. 1, 109-117. 
9] A. S. Mashhour, I. A. Hasaneen and M. E. Abd El-Monsef, Remarks on nearly compact 
spaces, I. J. P. A. M., 12(1981), No. 6, 685-690. 
10] Norman Levine, semi open sets and semi continuity in Topological spaces, Amer. 
Math. Monthly, 16(1985), 957-965. 
11] Reilly. I and Vamanamurthy, M., On semi compact Spaces, Bull. Malayasian Math. 
Soc., 2(1984), No. 7. 
12] Suk Geun Hwang, A note on nearly compact spaces, J. Korean Math. Soc., 15(1978), 
No. 1, 25-26. 
13] V. K. Sharma, v-open sets, Acta Ciencia Indica, XX XTII(2006), No. 2, 685-688. 


Scientia Magna 
Vol. 6 (2010), No. 2, 67-74 


c*-Normal and ss-quasinormal subgroups of 
finite groups 


Changwen Li 


School of Mathematical Science, Xuzhou Normal University, 
Xuzhou 221116, P.R.China 


E-mail: lewxz@xznu.edu.cn 


Abstract Suppose G is a finite group and H is a subgroup of G. H is called c*-normal in 
G if there exists a normal subgroup T of G such that G = HT and HT is s-quasinormally 
embedded in G; H is called ss-quasinormal in G if there is a subgroup B of G such that 
G = HB and H permutes with every Sylow subgroup of B. We investigate the influence of 
c*-normal and ss-quasinormal subgroups on the structure of finite groups. Some recent results 


are generalized. 


Keywords c’*-normal, ss-quasinormal, p-nilpotent, supersolvable. 


81. Introduction 


All groups considered in this paper are finite. A subgroup H of a group G is said to 
be s-quasinormal in G if H permutes with every Sylow subgroups of G. This concept was 
introduced by Kegel in [1]. Morerecently, Ballester-Bolinches and Pedraza-Aguilera ?! gen- 
eralized s-quasinormal subgroups to s-quasinormally embedded subgroups. #H is said to be 
s-quasinormally embedded in a group G if for each prime p dividing |H|, a Sylow p-subgroup 
of H is also a Sylow p-subgroup of some s-quasinormal subgroup of G. In recent years, it has 
been of interest to use supplementation properties of subgroups to characterize properties of 
a group. For example, Yanming Wang /! introduced the concepts of c-normal subgroup (a 
subgroup H of a group G is said to be a cnormal if there exists a normal subgroup K such that 
G = HK and HN K < He, where Hg is the maximal normal subgroup of G contained in H). 
In 2002, Huaquan Wei |! introduced the concepts of c*-normal subgroup (a subgroup H of a 
group G is called c*-normal in G if there is a normal subgroup T of G such that G = HT and 
HT is s-quasinormally embedded in G). In 2008, Shirong Li [5] introduced the concepts of 
ss-quasinormal subgroup (a subgroup H of a group G is said to be an ss-quasinormal subgroup 
of G if there is a subgroup B such that G = HB and H permutes with every Sylow subgroup of 
B). There are examples to show that c*-normal subgroups are not ss-quasinormal subgroups 
and in general the converse is also false. The aim of this article is to unify and improve some 


earlier results using c*-normal and ss-quasinormal subgroups. 


!This project is supported by the Natural Science Foundation of China (No. 10471118). 
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§2. Preliminaries 


Lemma 2.1. ([4], Lemma 2.3) Let H be a c*-normal subgroup of a group G. 

(1) If H < L<G, then Z is c*-normal in L. 

(2) If NIGand N < H<G, then H/N is c*-normal in G/N. 

(3) If H is a 7-subgroup and N is a normal z’-subgroup of G, then HN/N is c*-normal in 
G/N. 

Lemma 2.2. ((5], Lemma 2.1) Let H be an ss-quasinormal subgroup of a group G. 

(1) If H < L<G, then Z is ss-quasinormal in L. 

(2) If NIG, then HN/N is ss-quasinormal in G/N. 

Lemma 2.3. ([5], Lemma 2.2) Let H be a nilpotent subgroup of G. Then the following 
statements are equivalent: 

(1) A is s-quasinormal in G. 

(2) H < F(G) and Z is ss-quasinormal in G. 

(3) H < F(G) and ZH is s-quasinormally embedded in G. 

Lemma 2.4. ((4], Lemma 2.7) Let G be a group and p a prime dividing |G| with (|G|, p— 
pest: 
(1) If N is normal in G of order p, then N < Z(G). 

(2) If G has cyclic Sylow p-subgroup, then G is p-nilpotent. 

(3) If M< Gand |G: M| =p, then MIG. 

Lemma 2.5. ((4], Corollary 3.2) Let P be a Sylow p-subgroup of a group G, where p is a 
prime divisor of |G] with (|G|,p — 1) = 1. Then G is p-nilpotent if and only if every maximal 
subgroup of P is c*-normal in G. 

Lemma 2.6. ((8], Lemma 2.3) Let G be a group and N < G. 

(1) If NIG, then F*(N) < F*(G). 

(2) If GA 1, then F*(G) #1. In fact, F*(G)/F(G) = Soc (F(G)Ce(F(G))/F(G)). 

(3) F*(F*(G)) = F*(G) > F(G). If F*(G) is Solvable, then F*(G) = F(G). 

Lemma 2.7. ([13], Lemma 2.3.) Suppose that H is s-quasinormal in G, P a Sylow 
p-subgroup of H, where p is a prime. If Hg = 1, then P is s-quasinormal in G. 

Lemma 2.8. ([{13], Lemma 2.2.) If P is an s-quasinormal p-subgroup of G for some prime 
p, then Ng(P) > OP(G). 


§3. p-nilpotentcy 


Theorem 3.1. Let P be a Sylow p-subgroup of a group G, where p is a prime divisor of 
|G| with (|G|,p—1) = 1. If every maximal subgroup of P is either c*-normal or ss-quasinormal 
in G, then G is p-nilpotent. 

Proof of Theorem 3.1. Let H be a maximal subgroup of P. We will prove H is c*-normal 
in G. 

If H is ss-quasinormal in G, then there is a subgroup B < G such that G = HB and 
HX = XH for all X € Syl(B). From G = HB, we obtain |B: HN Bl, = |G: H|p = p, and 
hence HM B is of index p in By, a Sylow p-subgroup of B containing HN B. Thus S ¢ H 
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for all S € Syl,(B) and HS = SH is a Sylow p-subgroup of G. In view of |P : H| = p and 
by comparison of orders, $M H = BN H, for all S € Syl,(B). SoBN H = () (S°N H) =< 


beB 
5° = Op(B). 


ue We claim that B has a Hall p'-subgroup. Because |O,(B) : BN H| = p or 1, it follows that 
|B/O,(B)|p = p or 1. As (|G|,p — 1) = 1, then B/O,(B) is p-nilpotent by Lemma 2.4, and 
hence B is p-solvable. So B has a Hall p’-subgroup. Thus the claim holds. 

Now, let K be a p’-subgroup of B, 7(K) = {po,--:,ps} and P; € Syl,, (i). By the condition, 
HT permutes with every P; and so H permutes with the subgroup < P»,---,P, >= K. Thus 
HK <G. Obviously, K is a Hall p’-subgroup of G and HK is a subgroup of index p in G. Let 
M = HK and so M dG by Lemma 2.4. It follows that H is s-quasinormally embedded, and 
so c*-normal in G. 

Since every maximal subgroup of P is c*-normal in G, we have G is p-nilpotent by Lemma 
2.5: 

Corollary 3.2. Let p be a prime dividing the order of a group G with (|G|,p—1) = 1 and 
H anormal subgroup of G such that G/H is p-nilpotent. If there exists a Sylow p-subgroup P 
of H such that every maximal subgroup of P is either c*-normal or ss-quasinormal in G, then 
G is p-nilpotent. 

Proof of Corollary 3.2. By Lemma 2.1 and Lemma 2.2, every maximal subgroup of P 
is either c*-normal or ss-quasinormal in H. By Theorem 3.1, A is p-nilpotent. Now, let H,, be 
the normal p-complement of H. Then H, <G. If H, #1, then we consider G/H,,. It is easy 
to see that G/H,, satisfies all the hypotheses of our Corollary for the normal subgroup H/#H,, 
of G/H, by Lemma 2.1 and Lemma 2.2. Now by induction, we see that G/H,, is p-nilpotent 
and so G is p-nilpotent. Hence we assume H,, = 1 and therefore H = P is a p-group. Since 
G/H is p-nilpotent, let K/H be the normal p-complement of G/H. By Schur-Zassenhaus’s 
theorem, there exists a Hall p/-subgroup K,, of K such that K = HK,,. By Theorem 3.1, K is 
p-nilpotent and so K = H x K,. Hence Ky is a normal p-complement of G. This completes 
the proof. 

Corollary 3.3. Let P be a Sylow p-subgroup of a group G, where p is the smallest prime 
divisor of |G|. If every maximal subgroup of P is either c*-normal or ss-quasinormal in G, then 
G is p-nilpotent. 

Proof of Corollary 3.3. It is clear that (|G|,p—1) = 1 if p is the smallest prime dividing 
the order of G and therefore Corollary 3.3 follows immediately from Theorem 3.1. 

Corollary 3.4. Suppose that every maximal subgroup of any Sylow subgroup of a group 
G is either c*-normal or ss-quasinormal in G, then G is a Sylow tower group of supersolvable 
type. 

Proof of Corollary 3.4. Let p be the smallest prime dividing |G| and P a Sylow p- 
subgroup of G. By Corollary 3.3, G is pnilpotent. Let U be the normal p-complement of 
G. By Lemma 2.1 and Lemma 2.2, U satisfies the hypothesis of the Corollary. It follows by 
induction that U, and hence G is a Sylow tower group of supersolvable type. 

Corollary 3.5. ((6], Theorem 3.1) Let P be a Sylow p-subgroup of a group G, where p is 
a prime divisor of |G] with (|G|,p — 1) =1. If every maximal subgroup of P is either c-normal 
or s-quasinormally embedded in G, then G is p-nilpotent. 
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Corollary 3.6. ((9], Theorem 3.1) Let P be a Sylow p-subgroup of a group G, where 
p is the smallest prime divisor of |G|. If every maximal subgroup of P is either c-normal or 
ss-quasinormal in G, then G is p-nilpotent. 

Theorem 3.7. Let P be a Sylow p-subgroup of a group G, where p is a prime divisor of |G]. 
If Ng(P) is p-nilpotent and every maximal subgroups of P is either c*-normal or ss-quasinormal 
in G, then G is p-nilpotent. 

Proof of Theorem 3.7. It is easy to see that the theorem holds when p = 2 by Corollary 
3.3, so it suffices to prove the theorem for the case when p is odd. Suppose that the theorem is 
false and let G be a counterexample of minimal order. We will derive a contradiction in several 
steps. 

(1) Op(G) = 1. 

If O, (G) 4 1, we consider G/O,(G). By Lemma 2.1 and 2.2, it is easy to see that every 
maximal subgroups of PO, (G)/O,(G) is either c*-normal or ss-quasinormal in G/O,(G). 
Since 

Najo,,(ay(POy (G)/O,:(G)) = Ne(P)O,(G)/Oy(@) 


is p-nilpotent, G/O,/(G) satisfies all the hypotheses of our theorem. The minimality of G yields 
that G/O,,(G) is p-nilpotent, and so G is p-nilpotent, a contradiction. 

(2) If M is a proper subgroup of G with P < M <G, then M is p-nilpotent. 

It is clear to see Nas(P) < N@(P) and hence Nyy(P) is p-nilpotent. Applying Lemma 1, 
we immediately see that M satisfies the hypotheses of our theorem. Now, by the minimality of 
G, M is p-nilpotent. 

(3) G = PQ is solvable, where Q is a Sylow qg-subgroup of G with p # q. 

Since G is not p-nilpotent, by a result of Thompson [11, Corollary], there exists a non- 
trivial characteristic subgroup T of P such that Ng(T) is not p-nilpotent. Choose T such that 
the order of T is as large as possible. Since Ng¢(P) is p-nilpotent, we have Ng(K) is p-nilpotent 
for any characteristic subgroup K of P satisfying T < K < P. Now, T char P< N@(P), which 
gives T <I Ne(P). So Ne(P) < Ne(T). By (2), we get Ne(T) = G and T = Op(G). Now, 
applying the result of Thompson again, we have that G/O,(G) is p-nilpotent and therefore G 
is p-solvable. Then for any g € 7(G) with q # p, there exists a Sylow q-subgroup of Q such 
that PQ is a subgroup of G [12, Theorem 6.3.5]. If PQ < G, then PQ is p-nilpotent by (2), 
contrary to the choice of G. Consequently, PQ = G, as desired. 

(4) G has a unique minimal normal subgroup N such that G/N is p-nilpotent. Moreover 
®(G) = 1. 

By (3), G is solvable. Let N be a minimal subgroup of G. Then N < O,(G) by (1). 
Consider G/N. It is easy to see that every maximal subgroups of P/N is either c*-normal or 
ss-quasinormal in G'/N. Since Ngjn(P/N) = Na(P)/N is p-nilpotent, we have G/N satisfies 
the hypothesis of the theorem. The choice of G yields that G/N is p-nilpotent. Consequently 
the uniqueness of N and the fact that ®(G) = 1 are obvious. 

(5) The final contradiction. 

By step (4), there exists a maximal subgroup M of G such that G= MN and MON = 1. 
Since N is elementary abelian p-group, N < Ce(N) and Ce(N) 1 MAG. By the uniqueness 
of N, we have Cg(N) 1 M =1 and N = Cg(N). But N < O,(G) < F(G) < Ce(N), hence 
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N = 0,(G) = Ce(N). If |N| = p, then Aut(V) is a cyclic group of order p— 1. If q > p, 
then NQ is p-nilpotent and therefore Q < Ce(N) = N, a contradiction. On the other hand, 
if q < p, then, since N = Cco(N), we see that M = G/N = No(N)/Co(N) is isomorphic to a 
subgroup of Aut(NV) and therefore M, and in particular Q, is cyclic. Since Q is a cyclic group 
and q < p, we know that G is q-nilpotent and therefore P is normal in G. Hence Nc(P) = G 
is p-nilpotent, a contradiction. So we may assume N is not a cyclic subgroup of order p. 
Obviously P= PN NM = N(PNM),. Since PNM < P, we take a maximal subgroup P; 
of P such that PM M < P,. By our hypotheses, P, is either c*-normal or ss-quasinormal 
in G. If P, is c*-normal, then there is a normal subgroup T of G such that G = P,T and 
P, OT is s-quasinormally embedded in G. So there is an s-quasinormal subgroup K of G such 
that P, 1 T is a Sylow p-subgroup of kK. If Kg £1, then N < Ke < K. It follows that 
N<P,NT < P,, and so P= N(PNM) = NP, = P,, a contradiction. If Kg = 1, by Lemma 
2.7, P} NT is s-quasinormal in G and so P} NT < O,(G) = N. From Lemma 2.8 we have 
OP (G) < Ne(Pi NT). Since P} NT is normalized by both P and O?(G), P/LAT AG. It follows 
that P, NT = Nor P,NT=1. If PP AT =N, then P= NP, < Pi, a contradiction. Thus 
P,OT =1, then P) NN =1. Since |N/P,N N| = |NP,/P,| = |P/P.| = p, we have |N| = p, a 
contradiction. Now we assume P, is c*-normal in G. By [5, Lemma 2.5], P,Q is a subgroup of 
G. As NAG, we have P}) NN = NO P,Q<IP,Q, and it follows that P>pA NA < P\Q,N >=G. 
Moreover, since N is a minimal normal subgroup of G, we have P}) 7 N = 1 and N is a cyclic 
subgroup of order p, a contradiction. 

Corollary 3.8. Let p be a prime dividing the order of a group G and H a normal subgroup 
of G such that G/H is p-nilpotent. If Ng(P) is p-nilpotent and there exists a Sylow p-subgroup 
P of H such that every maximal subgroup of P is either c*-normal or ss-quasinormal in G, 
then G is p-nilpotent. 

Proof of Corollary 3.8. By Theorem 3.7, H is p-nilpotent. If N is a normal Hall p’- 
subgroup of H, then N is normal in G. By the using the arguments as in the proof of Corollary 
3.2, we may assume N = 1 and H = P. In the case, by our hypotheses, Ng(P) = G is 
p-nilpotent. 

Corollary 3.9. ({13], Theorem 3.2) Let P be a Sylow p-subgroup of a group G, where 
p is a prime divisor of |G|. If Ne¢(P) is p-nilpotent and every maximal subgroups of P is 
s-quasinormally embedded in G, then G is p-nilpotent. 

Corollary 3.10. ([14], Theorem 3.1) Let P be a Sylow p-subgroup of a group G, where p 
is an odd prime divisor of |G]. If Ng(P) is p-nilpotent and every maximal subgroups of P is 
cnormal in G, then G is p-nilpotent. 


84. supersolvability 


Theorem 4.1. Let F be a saturated formation containing U, the class of all supersoluble 
groups. A group G € F if and only if there is a normal subgroup H of G such that G/H © F 
and every maximal subgroup of any Sylow subgroup of H is either c*-normal or ss-quasinormal 
in G. 


Proof of Theorem 4.1. The necessity is obvious. We only need to prove the sufficiency. 
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Suppose that the assertion is false and let G be a counterexample of minimal order. 

By Lemma 2.1 and Lemma 2.2, every maximal subgroup of any Sylow subgroup of H 
is either c*-normal or ss-quasinormal in H. By Corollary 3.4, H is a Sylow tower group of 
supersolvable type. Let p be the largest prime divisor of |H| and let P be a Sylow p-subgroup 
of H. Then P is normal in G. We consider G/P. It is easy to see that (G/P, H/P) satisfies the 
hypothesis of the Theorem. By the minimality of G, we have G/P € F. If the maximal P, of 
P is ss-quasinormal in G, then P, is s-quasinormal in G by Lemma 2.3. Thus every maximal 
subgroup of P is c*-normal in G. By [4, Theorem 4.1], G € F, a contradiction. 

Corollary 4.2. ([7], Theorem 3.2) Let F be a saturated formation containing U/, the class 
of all supersoluble groups. A group G € F if and only if there is a normal subgroup H of 
G such that G/H © F and every maximal subgroup of any Sylow subgroup of H is either 
s-quasinormally embedded or c-normal in G. 

Corollary 4.3. ({9], Theorem 3.2) Let F be a saturated formation containing U/, the class 
of all supersoluble groups. A group G € F if and only if there is a normal subgroup H of 
G such that G/H © F and every maximal subgroup of any Sylow subgroup of H is either 
ss-quasinormally embedded or c-normal in G. 

Corollary 4.4. Let H be a normal subgroup of a group G such that G/H is supersolvable. 
If every maximal subgroup of any Sylow subgroup of # is either c*-normal or ss-quasinormal 
in G, then G is supersolvable. 

Theorem 4.5. Let F be a saturated formation containing U. Suppose that G is a group 
with a normal subgroup H such that G/H € ¥. If every maximal subgroups of any Sylow 
subgroups of F*(#) is either c*-normal or ss-quasinormal in G, then G € F. 

Proof of Theorem 4.5. By Lemma 2.1 and 2.2, every maximal subgroups of any Sylow 
subgroups of F*(#) is either c*-normal or ss-quasinormal in F*(H). Thus F*(#) is supersolv- 
able by Corollary 4.4. In particular, F*(H) is solvable. By Lemma 2.6, F*(H) = F(A). It 
follows that every maximal subgroups of any Sylow subgroups of F*(#) is c*-normal in G by 
Lemma 2.3. Thus the result is a corollary of Theorem 4.3 in [4]. 

Corollary 4.6. ({6], Theorem 3.9) Let F be a saturated formation containing U/. Suppose 
that G is a group with a normal subgroup H such that G/H € F¥. If every maximal subgroups 
of any Sylow subgroups of F*(#) is either s-quasinormally embedded or c-normal in G, then 
Ge F. 

Corollary 4.7. Let F be a saturated formation containing U, the class of all supersoluble 
groups. Suppose that G is a group with a solvable normal subgroup H such that G/H € Ff. If 
every maximal subgroups of any Sylow subgroup of F'(#) are either c*-normal or ss-quasinormal 
in G, then G € Ff. 

Corollary 4.8. ([6], Theorem 3.7) Let F be a saturated formation containing U/, the 
class of all supersoluble groups. Suppose that G is a group with a solvable normal subgroup 
Hf such that G/H € F. If every maximal subgroups of any Sylow subgroup of F'(#) is either 
s-quasinormally embedded or c-normal in G, then G € Ff. 

Corollary 4.9. ([9], Theorem 3.3) Let F be a saturated formation containing U/, the 
class of all supersoluble groups. Suppose that G is a group with a solvable normal subgroup 
Hf such that G/H € F. If every maximal subgroups of any Sylow subgroup of F'(#) is either 
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ss-quasinormally embedded or c-normal in G, then G € Ff. 


Theorem 4.10. If every cyclic subgroups of any Sylow subgroup of a group G of prime 


order or order 4 is either c*-normal or ss-quasinormal in G’, then G is supersolvable. 
q , Dp 


Proof of Theorem 4.10. Assume the theorem is false and let G be a counterexample 
of minimal order. It is obvious that the hypotheses of the Lemma are inherited for subgroups 
of G. Our minimal choice yields that G is not supersolvable but every proper subgroup of 
G is supersolvable. A well-known result of Doerk implies that there exists a normal Sylow 
p-subgroup of G such that G = PM, where M is supersolvable and if p > 2 then the exponent 
of P is p, if p = 2, the exponent of P is 2 or 4. Let x be an arbitrary element of P. If < x > is 
$s-quasinormal in G, then < x > is s-quasinormally embedded in G by Lemma 2.3. If < x > is 
c*-normal in G, then there is a normal subgroup T of G such that G=<a«>Tand<a2>NT 
is s-quasinormally embedded in G. Hence P= PNG = PH<«a>T =< 24> (PNT). 
Since P/®(P) is abelian, we have (PM T)®(P)/®(P) < G/®(P). Since P/®(P) is a minimal 
normal subgroup of G/®(P), PNT < ®(P) or P=(PNT)®(P) = PNT. If PAT < ®(P), 
then < « >= PG and so < z > is s-quasinormally embedded in G. If P = PMT, then 
T =G and so < « > is also s-quasinormally embedded in G. We have proved that every cyclic 
subgroups of any Sylow subgroup of G of prime order or order 4 is s-quasinormally embedded 
in G. Applying Theorem 3.3 in [10], we have G is supersolvable, a contradiction. 


Theorem 4.11. Let F be a saturated formation containing U/, the class of all supersoluble 
groups. Suppose that G is a group with a normal subgroup H such that G/H © F. If every 
cyclic subgroups of any Sylow subgroup of F'*(#) of prime order or order 4 is either c*-normal 
or ss-quasinormal in G, then G € F. 


Proof of Theorem 4.11. By Lemma 2.1 and 2.2, every cyclic subgroups of any Sylow 
subgroup of F*(#) of prime order or order 4 is c*-normal or ss-quasinormal in F*(H). Thus 
F*(#H) is supersolvable by Theorem 4.10. In particular, F*(H) is solvable. By Lemma 2.6, 
F*(H) = F(H). Since G/H € F, we have that G*, the F-residual subgroup of G, is contained 
in H. Hence, for any cyclic subgroup < x > of F*(G*) < F*(H) of prime order or order 4, 
< x > is c*-normal or ss-quasinormal in G. If < x > is c*-normal in G, then there exists a 
normal subgroup K of G such that G=< «> K and < « > NK is s-quasinormally embedded 
in G. Hence G/K is cyclic, then G/K € F by the hypotheses. Therefore G7 < K. This 
implies that <a >< K, so < 4 >=< 4 >NK =< z > is s-quasinormally embedded in G. If 
< x > is ss-quasinormal in G, then < x > is also s-quasinormally embedded in G by lemma 
2.3. Hence we have proved that every cyclic subgroup of prime order or order 4 of F*(G*) is 
s-quasinormally embedded in G. Applying Theorem 1.2 in [10], we have G € F. 


Corollary 4.12. ([6], Theorem 4.3) Let F be a saturated formation containing U, the 
class of all supersoluble groups. Suppose that G is a group with a normal subgroup H such 
that G/H © F. If every cyclic subgroups of any Sylow subgroup of F*(#) of prime order or 
order 4 is either c-normal or s-quasinormally embedded in G, then G € F. 
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Abstract A near-ring N is called weak commutative (Definition 9.4, p. 289, Pilz [7]) if 
xyz = xzy for every x,y,z € N. It is quite natural to investigate the properties of N if 
xyz = zyx for every x,y,z € N. We call such a near-ring a pseudo commutative near- 
ring. In this paper, we furnish examples of such near-rings and probe certain properties of 
pseudo commutative near-rings. We also discuss the properties of pseudo commutative near- 
ring which are regular. We obtain some equivalent conditions for a near-ring to be pseudo 
commutative. Also we obtain a characterization of a field vis-a-vis subdirect irreducibility and 
use it to prove structure theorems for pseudo commutative near-rings. 

Keywords Near-Rings, pseudo commutative, idempotents, nilpotents, regular, reduced, 


primary ideal. 


81. Introduction 


Throughout this paper, N denotes a right near-ring (N,+,.) with at least two elements. 
We denote by 0, the additive identity of the group (N,+) and write xy for x.y for z,y € N. 
For any non-empty set A, we denote A— {0} by A*. We freely make use of the following terms, 
notations and results. 


Known Results 


e (K1) An element a € N is said to be 
(i) Nilpotent if there exists a positive integer k such that a* = 0. 
(ii) Idempotent if a? = a. 
We denote by F, the set of all idempotents of N. 


e (K2) (Theorem 1.62, p. 26, Pilz [7]) Each near-ring N is isomorphic to a subdirect product 
of subdirectly irreducible near-rings. 


e (K3) If N is a zero symmetric near-ring, then 
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(i) Every left ideal A of N is an N-subgroup of N. 


(ii) Every ideal I of N satisfies NIN C I. 
i.e., every ideal is an N-subgroup. 


(iii) N*ItN* CI*. 
e (K4) Let N be a near-ring. Then the following are true: 


(i) If A is an ideal of N and B is any subset of N, then 
(A: B) ={n € N/nB C A} is always a left ideal. 


(ii) If A is an ideal of N and B is an N-subgroup, then (A: B) is an ideal. In particular 
if A and B are ideals of a zero symmetric near-ring N, then (A: B) is an ideal. 


e (K5) Let N be a regular near-ring, a € N and a = axa. Then 
(i) av, va € EF and E F {0}. 
(ii) aaN =aN and Naa= Na. 
(iii) N is S and S ' near-rings. 


e (K6) (Lemma 4 in Dheena [1]) Let N be a zero-symmetric reduced near-ring. For any 
a,beé N ande€ E, abe = aeb. 


e (K7) N is said to be weak commutative if yz = xzy for every x,y,z € N. 


e (K8) (Gratzer [4] and Fain [3]) A near-ring N is subdirectly irreducible if and only if the 


intersection of all non-zero ideals of N is not zero. 
e (K9) (Gratzer [4], p. 124) Each simple near-ring is subdirectly irreducible. 


e (K10) (Theorem 9.3, p. 289, Pilz [7] ) A zero symmetric near-ring N has IFP if and only 
if (0: S) is an ideal for any subset S of N. 


(K11) (Oswald [6]) An N-subgroup A of N is essential if AN B = {0}, where B is any 
N-subgroup of N, implies B = {0}. 


Basic concepts and terms used but not defined in this paper can be found in Pilz [7]. 


§2. Definition and basic properties 


In this section, we introduce the concept of pseudo commutative near-ring and distinguish 
it from commutative and weak commutative near-rings with illustrations. 

Definition 2.1. A near-ring N is said to be pseudo commutative near-ring if ryz = zyx 
for all x,y,z € N. 

Example 2.2. 


1. Consider the near-ring (V,+, .), where (N, +) is the Klein’s four group with N = {0, a,b,c} 
and (N,.) is given below (scheme 16, p. 408, Pilz [7]). 
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0 a bic 
0;0 0 0 0 
0 0 0 0 
0 0 0 a 
c|/0 0 0 a 


One can check that N is pseudo commutative, but not commutative. 


2. When N = {0,1,2,3}, the near-ring (NV,+,.) with a.b = a for all 
a,b € N (scheme 9, p. 407, Pilz [7]) is weak commutative but not pseudo commutative. 
(since 123 4 321). 


3. The near-ring (N,+,.) where (N,+) is Kleins four group and ‘.’ is defined as per scheme 
14, p. 408 of Pilz [7] 


O a b ce 
0;0 0 0 O 
a/O a O ¢ 

0 0 0 0 
c/0O0 a 0 c¢ 


is not weak commutative (since aca 4 aac) and not pseudo commutative (caa = a ¥ aac). 
4. Every commutative near-ring is pseudo commutative. 


Now we derive some properties of pseudo commutative near-rings. We investigate the 
behaviour of ideals and N-subgroups of pseudo commutative near-rings. 

Proposition 2.3. Every pseudo commutative near-ring is zero symmetric. 

Proof. For every n € N,n0 = n00 = 00n = 0. 

Proposition 2.4. Let N be a pseudo commutative near-ring. If F 4 {0}, then EF C C(N). 

Proof. Let e be an idempotent in N. Then, for every a € N, ae = aee = eea = ea and so 
e€ C(N). 

One can see the following in a straight forward way. 

Proposition 2.5. Homomorphic image of a pseudo commutative near-ring is also pseudo 
commutative. 

As an immediate consequence, we have the following corollary. 

Corollary 2.6. Let N be a pseudo commutative near-ring. If J is any ideal of N, then 
N/T is also pseudo commutative. 

Now we have the following useful characterization of pseudo commutative near-rings. 

Theorem 2.7. Every pseudo commutative near-ring N is isomorphic to a sub-direct 
product of sub-directly irreducible pseudo commutative near-rings. 

Proof. By (K2), N is isomorphic to a sub-direct product of sub-directly irreducible near- 
rings Ny, and each N;, is a homomorphic image of N under the projection map 7,. Now the 


desired result follows from Proposition 2.5. 
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Proposition 2.8. Any weak commutative near-ring (K7) with left identity is a pseudo 
commutative near-ring. 

Proof. Let a,b,c € N and e be a left identity. 
Since N is weak commutative, abc = (ea)bc = e(abc) = e(acb) = (eac)b = (eca)b = e(cab) = 
e(cba) = cba. Hence N is pseudo commutative. 

Proposition 2.9. Any pseudo commutative near-ring with right identity is weak commu- 
tative. 

Proof. Let a,b,c € N and e be a right identity. 
Then abc = abce = a(bce) = a(ecb) (since N is pseudo commutative) = (ae)cb = acb. This 
completes the proof. 

In the following theorem we prove sixteen of the properties of pseudo commutative near- 
rings. 

Theorem 2.10. 


Let N be a regular pseudo commutative near-ring. Then 
(i) A= WA for every N-subgroup A of N. 
(ii) N is reduced. 
(iii) N has (*,IFP). 


(iv) Every N subgroup is an ideal. 


(v) N= Na= Na? =aN =aNa for allae N. 

(vi) Any ideal of N is completely semi prime. 

(vii) N has property P,. 

(viii) For every ideal I of N, (I: S) is an ideal of N where S is any subset of N. 


(ix) For every ideal I of N, 21,22,--+ ,&n € N, if a17q--+- a, € I then 
(21) (a2) eae (Ln) ie I. 


(x) N has strong IFP. 

(xi) N is a semi prime near-ring. 

(xii) PA Q = PQ for any two N-subgroups P,Q of N. 

(xiii) P = P? for every N-subgroup (ideal) P of N. 

(xiv) If P is a proper N-subgroup of N then each element of P is a zero-divisor. 
(xv) NaNb= Nan Nb= Nab for all a,be N. 


(xvi) Every N-subgroup of N is essential (K11) if N is integral. 
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Proof. Since N is regular for every a € N there exists b € N such that 


a = aba. (1) 


Since E C C(N), by Proposition 2.4, a = aba = (ab)a = a(ab) = a7b (2) 


(i) Let A be an N-subgroup of N and a € VA. 


(iii 


ae 


Then there exists some positive integer k such that a® € A. 
Similar to Equation (2), a = aba = a(ba) = (ba)a = ba?. 
Hence a = b(ba?)a = ba = --- = B-YDak eC NACA. 
Therefore V/A C A. And obviously A C VA. 

This completes the proof of (i). 


If a? = 0 then by Equation (2), a = 0b = 0. This completes the proof of (ii). 


Let ab = 0. Then by Proposition 2.3, (ba)? = ba(ba) = b(ab)a = b0a = b0 = 0. Now 
by (ii) ba = 0. And for every n € N, (anb)? = anb(anb) = an(ba)nb = 0. Again by (ii) 
anb = 0. This completes the proof of (iii). 


Let a € N. Since N is regular a = aba for some b € N. 
And by (K5) (i), ba is an idempotent. Let ba = e. 


Therefore Ne = Nba = Na (by (K5)(zi)) (3) 


Let S = {n—ne/n € N}. We claim that (0: 5) = Ne. 
Since (n — ne)e = 0 for all n € N, (n— ne)Ne = 0 (by (ii)). 


This implies Ne c (0: S). (4) 


Now, let y € (0: S). Then y = yxy for some x € N and ya — (yx)e € S. 
Therefore (yx — yxe)y = 0 and this implies, yxy — yxey = 0. 

ie. y — y(xey) = 0 and by (K6) we get, y — y(xye) = 0. 

ie. y—(yry)e = 0. ie. y— ye =0. Hence y = ye € Ne. 


It follows that (0: S) C Ne. (5) 


Combining Equations (3), (4) and (5) we get, (0: S) = Ne = Na. 
Using (K10) we get, Na is an ideal of N. 


Now if M is any N-subgroup of N then M= > Na. 
acM 
Thus M becomes an ideal of N. 


Since N is regular for every a € N there exists b € N such that 
a = aba = a(ba) = (ba)a (by Proposition 2.4) = ba? € Na?. 
Therefore N C Na?. 

Now, Na C N C Na? C Na CN implies 


Nea= Ne =n (6) 
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(vi) 


(vii) 


(viii) 


Now we shall claim that Na? = aN 
Let x € Na?. Then by the definition of pseudo commutative near-rings, for some n € 


2 


N, «=na* =naa=aan€eaN. 


Therefore Na? C aN. (7) 


Let an € aN. Since N is regular, an = (aba)n = a(ba)n = (ba)an 

(by Proposition 2.4) = b(aan) = b(naa) (by the definition of pseudo commutative near- 
rings) = (bn)a? € Na? 

ie., aN C Na?. This together with (7) implies 


Na? = aN. (8) 
Now we claim that aN = aNa. Since Na is an ideal, by (iv), 
for every a € N, (Na)N C Na. (9) 


Since N is regular for every n € N, 
an = (aba)n = a(ban) € a(NaN) C aNa. (by Equation (9)) 
Thus aN CaWNa. Obviously aNa CaN. 


Hence aN =aNa for everya € N. (10) 
Equations (6),(8) and (10) completes (v) . 


Let a? € I. Then by Equation (2), a = a?b € IN C I. Therefore every ideal of N is 
completely semi prime. 


Let ab € I then (ba)? = ba(ba) = b(ab)a € NIN CT (By (K3)) 
Now by (vi) ba € I. This completes the proof of (vii). 


Let I be an ideal of N and S be any subset of N. 

By (K4), 2: S) ={n € N/nS C T} is a left ideal of N. 

Let se S. Ifae (1: S) then as € I. And by (vii), sae I 

Then for any n € N, (sa)n € I. ie., s(an) € I. 

Again by (vii), ans € I. ie., an € (I: S) for any n € I and hence (J: S) is a right ideal. 
Consequently (I: S) is an ideal. This completes the proof of (viii). 


Let 71 2%2...2n € I. 

=> a1 € (1: 22...an). 

=> (11) C (I: 49...2n). 

=> (x1) xg... x%, CI. 

=> %2...%n("1) CI, ( by (viii)). 

=> xp € (I: x3... Xn ( x1 )). 

=> (x2) C (I: 43...8n(21)). 

=> (2)U3...%n(u1) CI. 

=> ©3...Un(%1) (2) CI. 

Continuing like this we get (21) (v2)... (@n) CI. 


Vol. 6 Pseudo commutative near-rings 81 


(x) 


ha 


(xii 


(xiii) 


(xiv) 


(xvi) 


Let I be an ideal of N. Since N is zero symmetric, 

by Proposition , NI C I. By (v), aN = Na?. Hence an = ma? for some m,n € N. 
Hence if ab € I then for every n € N,anb = mab = (ma)ab € NI C I. Therefore N has 
strong IFP. 


Let M be an N-subgroup of N. Then M is an ideal (by (iv)). 
Let I be any ideal of N such that J? C M. 

By Proposition and (K3), NI CI. 

Ifae I, thena=abae I(NI)C I? CM. 

Therefore any N-subgroup M of N is a semi prime ideal. 


In particular {0} is a semi prime ideal and hence N is a semi prime near-ring. 


Let P, Q be two N-subgroups of N. Then by (iv), they are ideals too. 
Hence PQ C P and PQ CQ. Therefore PQ C PNQ 

Let ae PNQ. By (1), a= (ab)a € (PN)Q C PQ 

Hence PM Q C PQ and consequently PN Q = PQ. 

This completes (xii). 


Taking Q = P in (xii) we get P = P?. 


Let P be a proper N-subgroup of N and a e€ P*. 

By (xiii), Na = (Na)? = NaNa. 

Therefore for every n € N, there exist x,y € N such that na = xraya. 

This implies (n — xay)a = 0. If a is not a zero divisor, then n — ray = 0. 

ie., n= xzay € NPN CP. Hence N = P this is a contradiction to P is proper. Therefore 
a is a zero-divisor of N and the (xiv) follows. 


Since Na, Nb are N-subgroups, by (xii), Nam Nb = (Na)(Nb). 

Since Na CN, Nan N = Na= Nan Na= NaNa C (Na)N = NaN. 

and Na is an ideal implies NaN = (Na)N C Na=NanN. 

Therefore Na = NaN N = NaN. This implies that Nab = (Na)b = (NaN)b = NaNb = 
NaN Nb. Hence (xv) follows. 


Let P be a non-zero N-subgroup of N. 

Suppose there exists an N-subgroup Q of N such that PN Q = {0}. 
Then, by (xii), PQ = {0} and since N is an integral near-ring, Q = {0}. 
This completes (xvi). 


Remark 2.11. In a regular pseudo commutative near-ring, 


(i) The concepts of N-subgroups, left ideals, right ideals and ideals are all equivalent. 
(ii) Since NV has (*, IFP), by Theorem 2.10 (iii), the concept of left zero divisors, right zero 


divisors and zero divisors are equivalent in N. 


Theorem 2.12. Let N be a regular pseudo commutative near-ring and P be a proper 


N-subgroup of N. Then the following are equivalent 


(i) 


P is a prime ideal. 
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(ii) P is a completely prime ideal. 


(iii) P is a primary ideal. 


(iv) P is a maximal ideal. 


Proof. (i) = (ii) Let ab € P. By Theorem 2.10 (xv), NaNb= NabC NP CP. 

By Theorem 2.10 (iv), Na and Nb are ideals in N. 

Since P is prime, NaNb C P implies Na C P or Nb C P. 

Since N is regular for some z,y € N, a= axa € Na C Pand b= byb € Nb C P. Therefore 


either a € P or b € P and hence (ii) follows. 


(ii) > (i) is obvious. 

(ii) = (iii) By Theorem 2.10 (xv), for any a,b € N, Nab = Nan Nb. 

Since NaN Nb= Nb Na, Nab= Nba for all a,be N. 

Hence for all a,b,c € N, Nabe = Nbca = Nceab = Nacb = Nbac = Ncba. 

Suppose abc € P and ab ¢ P then c € P, by (ii). 

Again suppose abc € P and ac ¢ P. 

Since N is regular, acb € Nacb= Nabe C NP CP. 

Thus acb = (ac)b € P implies b € P (since ac € P). 

Continuing in the same vein, we easily obtain that if abc € P and if the product of any 


two of a,b,c does not fall in P then the third falls in P. 
This proves (iii). 


(iii) > (ii) Let ab € P anda ¢ P. 

Since N is regular a = axa for some x € N. 

First we claim that xa ¢ P. 

Suppose xa € P. This implies a = a(aa) € NP C P which is a contradiction. 

Therefore xa ¢ P. Also x(ab) € NP C P. Thus xab € P and xa ¢ P. 

As P is a primary ideal of N, b* € P for some integer k. 

Now b* € P implies b € VP and VP = P (by Theorem 2.10 (i)). 

Therefore b € P and (ii) follows. 

(i) = (iv) Let J be an ideal of N such that J 4 P and that PC J CN. 

Let a € J—P. Since N is regular there exists « € N such that a = a(xa) = (xa)a ( by 


Proposition 2.4 ). 


Thus for all n € N, na = nza? and this implies (n — nxa)a = 0. 

Since N has (*, IFP), we get (n — nxa)ya = 0 for all y € N. 

Consequently N(n — nza)Na = NO = {0}, If b = (n— naa) then NbNa = {0} C P. 
Since P is a prime ideal and Na, Nb are ideals in N, Na C P or NOC P. 

If Na C P then a = axa € P which is a contradiction. 

Hence Nb C P then Nb C J and this demands that for some y € N, b = byb € J. ie., 


n—naa € J. Now since a € J, nza € NJ C J (by (K3)) and therefore n € J. Hence J = N 
and (vi) follows. 


(iv)= (i) is obvious. 


This completes the proof. 
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§3. Structure theorems for a pseudo commutative near- 
ring 


In this section we discuss conditions under which a pseudo commutative near-ring N be- 
comes a field. 

Proposition 3.1. Any pseudo commutative near-ring with identity is commutative. 

Proof. Let a,b € N and uw be the identity of N. 

Then ab = abu = uba (By the definition of pseudo commutative near-ring) = ba. Hence N is 
commutative. 

With a view to establishing a structure theorem we prove the following two theorems. 

Theorem 3.2. Let N be a subdirectly irreducible pseudo commutative near-ring. Then 
either N is simple with each non-zero idempotent is an identity or the intersection of the 
non-zero ideals of N has no non-zero idempotents. 

Proof. Let N be a subdirectly irreducible pseudo commutative near-ring. Suppose that 
N is simple. 

If e is a non-zero idempotent in N. Then by Theorem 2.10 (iii) and (K10), (0: e) is an 
ideal Since e ¢ (0: e) and N is simple, (0: e) = {0}. 

Hence (ne—n)e = 0 for all n € N implies ne—n = 0. And by Proposition 2.4, ne = en = n. 
This means that e is an identity of N. 

Suppose JN is not simple. 

Let I be the intersection of non-zero ideals of N. Since N is subdirectly irreducible, we 
have I # {0}. 

Suppose that J contains a non-zero idempotent e. We claim that e is a right identity. 

If not, then there exists n € N such that ne 4 n. Hence ne—n F 0. 

Since (ne — n)e = 0 we have ne — n € (0: e) and hence (0: e) is a non-zero ideal of N. 

Therefore J C (0: e). Hence e € (0: e). This contradiction leads us to conclude that e is 
a right identity of N. 

Hence for alln € N, n=ne € NI CI. This implies that J = N, again a contradiction. 
Hence the intersection of the non zero ideals of N has no nonzero idempotents. This completes 
the desired result. 

In the following theorem we give some equivalent conditions for a simple pseudo commu- 
tative near-ring. 

Theorem 3.3. Let N be a regular pseudo commutative near-ring. Then the following are 


equivalent 
(i) N is subdirectly irreducible 
(ii) non-zero idempotents of N are not zero divisors. 
(iii) N is simple. 


Proof. (i) = (ii) Let J be the set of all nonzero idempotents in N which are zero divisors 
too. We claim that J is empty. 
If J is non-empty, let us assume that I = (){(0: e)/e € J}. 
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Since N is sub directly irreducible, I 4 0 (by (K8)). 
Let a € I*. Since N is regular there exists some b € N such that 


a = aba. (11) 
Also ab, ba € E. Again a € I* implies 
ae =0 for alle in J (12) 


=> bae = 0 (Since N is zero symmetric, by Proposition 2.3) 
=> (ba)e = 0 
Therefore ba is a zero divisor too. Hence ba € J. 

Now by Equation (12), a(ba) = 0 and by Equation (11), a = 0. 

It is a contradiction to a € I*. Hence J is empty. 

(The above proof is very similar to that of Claim 1 in Theorem 4.7 in [9]). 

(ii)= (iii) Let I be a non-zero ideal and 04 w € I. 

Since N is regular « = xyx for some y € N and yz € E. 

Therefore for every n € N, nz = nary. ie., (n—ney)x = 0. 

Now by Proposition (v), (n—nay)yx = 0. And by (ii), n — navy = 0. 

Hence for every n€ N, n=naye NIN Cl. 

Thus N C J, this leads to the result that N has no nontrivial ideal of N and hence N is 
simple. 

(iii) > (i) By (K9), each simple near-ring is subdirectly irreducible. 

As an immediate consequence we have 

Corollary 3.4. Let N be a regular pseudo commutative near-ring. Then N is subdirectly 
irreducible if and only if N is a field. 

Proof. By Theorem (3.2) and (3.3), every non zero idempotent is an identity. 

Since N is regular a = a(ba) = (ba)a (by Proposition 2.4). 

That is inverse exists for every a € N. Hence N is a near field. 

Now Proposition guarantees that N is a field. The converse is obvious. 

Now we are in a position to prove the structure theorems. 

Theorem 3.5. Let N be a regular pseudo commutative near-ring. Then N is isomorphic 
to a subdirect product of fields. 

Proof. By Theorem 2.7, N is isomorphic to a subdirect product of subdirectly irreducible 
pseudo commutative near-rings, N;,’s, each Nz is regular and pseudo commutative. The rest of 
the proof is taken care of by Corollary 3.4. 

Corollary 3.6. Let N be a regular pseudo commutative near-ring. Then N has no 


non-zero zero divisors if and only if N is a field. 
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Abstract Two divisibility tests for Smarandache semigroups are given. Further, the notion of 
divisibility of elements in a semigroup is applied to characterize the Smarandache semigroups. 
Examples are provided for justification. 

Keywords Pseudo semigroup, divisibility, right divisor, left divisor, group, Smarandache 


semigroup. 


§1. Introduction and results 


Padilla Raul introduced the notion of Smarandache semigroups in the year 1998 in the pa- 
per entitled Smarandache algebraic structures ?!. Since groups are the prefect structures under 
a single closed associative binary operation, it has become infeasible to define Smarandache 
groups. Smarandache semigroups are the analog in the Smarandache ideologies of the groups. 
The Smarandache notions in groups and the concept of Smarandache semigroups have been 
studied in [9]. 


In [7], the notion of divisibility of elements in a semigroup is introduced and the properties of 
the elements which are both left and right divisiors of every element of a semigroup are studied. 
Further, the properties of the elements which are divisible both on the right and on the left by 
all elements of the semigroup are studied as well. Such elements were first considered in a paper 
by Clifford and Miller, where they were termed zeroid elements. The concept of divisibility of 
elements in a semigroup is very much useful to study the Smarandache semigroups. In this paper 
we give two tests called divisibility tests for Smarandache semigroups, and a characterization 
of Smarandache semigroups by applying the notion of divisibility of elements in a semigroup. 


Examples are provided for justification. 


In section 2 we give the basic definitions and properties of divisibility of elements in a 
semigroup. The definition and example of Smarandache semigroups are given as well. In section 
3 we present our theorems and in section 4 we provide examples for justification. For, more 
basic definitions and concepts please refer [7] and [9]. In this paper, we denote the operation 


multiplication (product) of elements in a semigroup by jux-ta-position. 


Vol. 6 Divisibility tests for Smarandache semigroups 87 


§2. Preliminaries 


Definition 2.1.!7] A semigroup is a nonempty set S, in which for every ordered pair of 
elements xz, y in S' there is defined a new element called their product xy € S, where for all 
x,y,z € S, we have (ay)z = x(yz). 

Definition 2.2.!7] An element b of the semigroup S is called a right divisor of the element 
a of the semigroup if there exists in S an element x such that 7b = a. b is called a left divisor 
of a if there exists in S an element y such that by = a. If 6b is a right divisor of a, we say that a 
is divisible on the right by b. If 6 is a left divisor of a, we say that a is divisible on the left by b. 

The following observations in the divisibility of elements in a semigroup are well known in 
[7]. 

2.2.1. An element a of a semigroup S will be a right (left) divisor of every element of S, 
if and only if in the column (row) of the multiplication table corresponding to the element a, 
all elements of S occur. 

2.2.2. The element a is divisible on the left (right) by every element of S, if and only if a 
occurs in every row (column) of the multiplication table. 

Definition 2.3.!7] A nonempty subset H of the semigroup S is called a subsemigroup of 
S,ifH cS. 

Definition 2.4.!°] A nonempty set G, together with an associative binary operation * on 
G such that equations a * x = b and yx a= b have solutions in G for all a,b € G is a group. 

Several examples of Semigroups, subsemigroups and groups can be found in the literature. 

Definition 2.5.!9! The Smarandache semigroup defined to be a semigroup S$ such that a 
proper subset B of S is a group with respect to the same operation on S. 

Example 2.6. Let us consider the semigroup S = {0,1,2,3,4,5} under the operation 
multiplication modulo 6. The multiplication table is as follows: 


O/;1)/2);3)4)]5 
0/0;0/0]0]0/0 
1/0) 1);2)3)4)5 
2/0/2/4/0/2)/4 
3/0;);3/0]3]0/3 
4}0;4]}2;0}]44]2 
5/0)/5/4)3}]2)] 1 

Table 1. 


S is a Smarandache semigroup as the proper subsets {2, 4}, {1, 5} of S are groups. 


§3. Proofs of the theorems 


In this section we present divisibility test 1, divisibility test 2 for Smarandache semigroups. 
Further, a characterization of Smarandache semigroups, using the notion of divisibility of ele- 


ments in a semigroup, is given as well. 
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Theorem 3.1. (Divisibility test-1) A semigroup S (not a group) containing the elements 
that are both left and right divisors of every element of S is always a Smarandache semigroup. 

Proof. Let G be the set of all elements that are both left and right divisors of every 
element of S. Cleary G Cc S. (If S = G, then G is a group as every element of S' is a left 
and right divisors of every element of S'). To show that S is a Smarandache semigroup, it is 
sufficient to show that G is a group under the operation on S. 

Suppose that b|,b2 € G. For every a € S there exists x2 € S such that robo = a. 
Corresponding to x2 € S' there exists in S an element x; such that 71b; = x2. Therefore, 
2b, bg = £2bg = a. Accordingly, b,b2 is a right divisor of a. Similarly, we can show that b,b2 is 
a left divisor of a. Therefore, bjb2 € G. The multiplication in G is associative as GC S. 

Suppose that b),b2 € S$. There exist in S elements x and y such that xb2 = bi, boy = by. 
If we show that x,y € G the proof that G is a group will be completed. Let a be an arbitrary 
element of S'. Since, for some t € S, we have bit = a; xbot = b)t = a. ie., xis a left divisor of a. 


There exist also in S' elements e, c,,c2 such that boe = be, cb, = e, bocg = e. Since for arbitrary 


z in S there exists an element z! € S such that z = z'bo, we have ze = ztboe = ztbo = z. 


i.e., e is such that ze = z for arbitrary z € S. Making use of this property of e, we obtain, 


a = ae = abacg = beecg = bec1b1 cq = bocyxbocg = bocyre = abgc,x. i.e., x turns to be also 


a right divisor of a. Therefore, x € G. Analogously, we can show that y € G. Hence, S isa 
Smarandache semigroup. 

Theorem 3.2. (Divisibility test-2) A semigroup S' (not a group) containing the ele- 
ments that are divisible both on the right and on the left by every element of S is always a 
Smarandache semigroup. 

Proof. Let G be the set of all elements of S that are divisible both on the right and 
on the left by every element of S. Clearly, G C S. Let c1,c2 € G, for every a € S, there 
is some x in S such that c; = ax. Therefore, cjcg = a(xcg), i-e., c1C2 is divisible on the left 
by an arbitrary element a. Analogously, we can show that c,c2 is divisible on the right by a. 
Therefore, cycg € G. The associativity of the operation in G follows from the fact that GC S. 
Since c, and cy belong to G, there exist elements u,v,w in S such that uc3 = c2, cu = co, 
2¢1) = (c2v)(ve1) = cgue, = 


UC2C, = UC2C2W = CoW = Cy. We have shown that the element y = covc; is a solution of the 


C1 = cow, We have then ucz = ucgc2v = cgv. This yields, c2(cgv 


equation coy = c;. Let us show that y € G. In fact, for arbitrary z in S$ there exist ut and 
v' in S such that c; = ulz, co = zv'. Therefore, y = cguv*c, = zv'v?u!z, ie., y is divisible 
by z both on the right and on the left. Analogously, we may find a solution x of the equation 
xc2 = c,, such that « € G. Therefore, G is a group. Hence, the semigroup S is a Smarandache 
semigroup. 

Theorem 3.3. Let S be a semigroup. S is a Smarandache semigroup if and only if there 
exists a proper subsemigroup T' of S such that TJ’ possesses an element which is both a right 
and left divisor of every element of T and is at the same time itself divisible both on the left 
and on the right by every element of T’. 

Proof. Let S be a semigroup. If S' is a Smarandache semigroup then there exists a proper 
subset T of S such that T is a group with respect to the same operation on S. T possesses an 
element which is both a right and a left divisor of every element of T and is at the same time 


Vol. 6 Divisibility tests for Smarandache semigroups 89 


itself divisible both on the left and on the right by every element of JT as T is a group with 
respect to the same operation on S. 

On the other hand suppose that there exists a subsemigroup T of S such that T possesses 
an element which is both a right and a left divisor of every element of T and is at the same 
time itself divisible both on the left and on the right by every element of T. Now we show that 
S is a Smarandache semigroup. For, it is sufficient to prove that the proper subsemigroup T is 
a group. Let a and b be arbitrary elements of T and let d be an element having the properties 
postulated in the hypothesis of the theorem. There exist elements 21, y1, %2, yo in T such that 
a= x,d,a = dy,,d = xr2b,d = by2. It follows that = x12. and y = y1y2 are solutions of 
the equations a = xb, a = by in T. Therefore, T is a group and hence S is a Smarandache 


semigroup. 


84. Examples 


In this section we provide examples to justify our divisibility test 1, divisibility test 2 
for Smarandache semigroups, and the characterization of Smarandache semigroups as well. 
Further, we give examples to show that the conditions stated in Theorem 3.1 and Theorem 3.2 
are sufficient conditions but not necessary conditions. 

Example 4.1. Let zg = {0,1,2,3,4,5,6,7} be a semigroup under multiplication mod 8. 
The composition table is as follows: 


Xg}/O}1/2})3)4]5)]6)7 
0 };0;/0;0;}0}0]0}]0] 0 
1 |}O;1)2)3)4)5)/6)7 
2)/0/2;);4/6/0)2/4)6 
3 ./0;/3;)/6;)/1}4),7)2)5 
4 ;0}4]0/4]0);4]0) 4 
5 }O0}/5}2;);7}4/1)]6)] 38 
6 |0;/6;4;},2}0/6]4}] 2 
7 }/O}7/6}5}4}3)2)]1 

Table 2. 


In view of (2.2.1.) the elements 1 and 7 in zg are both left and right divisors of every 
element of the semigroup zg. So, in view of the Theorem 3.1, the proper subset G = {1,7} 
is a group under the multiplication mod 8. Hence, the semigroup (zg,2g) is a Smarandache 
semigroup. 

Example 4.2. Let 27 = {0,1,2,3,4,5,6,} be a semigroup under multiplication mod 7. 
The composition table is as follows: 
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ala}lplwlmwmlejo 
claolol/cololo|l/olo 
ala}lplwlrmflejo}]r 
alwleloa}lwAlrmw|]o|]pr 
EKlelaslwulalwilolw 
wlalwlalelmAlo]sz 
yl Rlalelwilatfola 
Blolwlplalalaola 


Table 3. 


In view of (2.2.1.) the elements 1,2,3,4,5 and 6 in z7 are both left and right divisors 
of every element of the semigroup z7. So, in view of the Theorem 3.1, the proper subset 
G = {1,2,3,4,5,6} is a group under the multiplication mod 7. Hence, the semigroup (27, 27) 
is a Smarandache semigroup. 

Example 4.3. Let z, = {0,1,2,3} be a semigroup under the multiplication mod 4. The 


composition table is as follows: 


X4/O};1)2)3 
0 |}0);0;/0)]0 
1 |}O/;1)2)8 
2 );0)2)]0] 2 
3/0/38 },2)1 

Table 4. 


In view of (2.2.1) the elements 1 and 3 in z, are both left and right divisors of every element 
of the semigroup 24. So, in view of the Theorem 3.1, the proper subset G = {1,3} is a group 
under the multiplication mod 4. Hence, the semigroup (z4, 24) is a Smarandache semigroup. 

Example 4.4. Let S = {e,a,b,c} be a semigroup under the operation defined by the 


following composition table. 


ejlaj/b|ic 
e}le]la|bic 
e|bjec 
bi} c]|b 
cle};ec}]b]ec 


Table 5. 


In view of (2.2.2.) the elements 6 and c are divisible both on the right and on the left by 
every element of the semigroup S. In view of the Theorm 3.2, the proper subset G = {b,c} of 


S is a group under the operation on S$. Hence, S is a Smarandache semigroup. 
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Example 4.5. Let S = {0,1,2,3,4,5,6,7,8} be a semigroup under multiplication mod 
9. Consider the proper subset T = {1,2,4,5,7,8} of S. The composition table on T of the 
multiplication mod 9 is as follows: 


Xo 


colfN fos; eR] w]e 
Co; NN] otUP RP MPR Te 
“I ] ot] re | co] B®] w ] w 
ofe | rm} wa] of} BW] wz 
em} OoO;n)] mM] rR] or] ot 
w]e} Co; rR |] oF; NTN 
elm] & |] ov} nN |] co} co 


Table 6. 


From table 6 it is evident that T’ is a subsemigroup possessing the properties postulated 
in the hypothesis of the Theorem 3.3. Therefore, T is a group and hence S is a Smarandache 
semigroup. Finally, we show by providing examples that the conditions stated in Theorem 3.1 
and Theorem 3.2 are sufficient but not necessary. 

Example 4.6. Let S = {1,2,3,4,5,6} be a semigroup under the operation defined by xy 


= the great common divisor of x,y for all x,y € S. The composition table is as follows: 

1)/2)3)4)5)]6 
1Ty)i}iyijiyiji 
2/1)2/1)2)]1/)2 
3/1)/1/3/1)/1)3 
4/1])/2}1)4]14)2 
5/1) 1} 1) 1) 541 
6/1/2/3/2/1/6 

Table 7. 


This semigroup is not satisfying the conditions stated in Theorem 3.1 but this semigroup 
S is Smarandache semigroup. (see [1]) 

Example 4.7. Let us consider the Example 2.6. From the Table 1 it is evident that the 
semigroup S in the Example 2.6 is not satisfying the conditions stated in Theorem 3.2, but this 


semigroup S is Smarandahce semigroup. 
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Abstract In this paper, we study homomorphisms of binary algebras and investigate its 
properties. Moreover, some consequences of the relations between quotient binary algebras 


and isomorphisms are shown. 
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81. Introduction 


In [1], S. Asawasamrit and U. Leerawat introduced a new algebraic structure which is called 
binary algebras. And we described the relation between ideals and congruences. Furthermore, 
we define quotient binary algebra and study its properties. 

In this paper, we gave the concept of homomorphisms of binary algebras and investigated 
some related properties. The purpose of this paper is to derive some straightforward conse- 
quences of the relations between quotient binary algebras and isomorphisms and also investigate 


some of its properties. 


§2. Preliminaries 


In this section we introduced an algebraic structure called a binary algebra which is an 
algebra (X, *,0) with a binary operation * and a nullary operation 0 such that for all xz, y, z € X, 


satisfies the following properties: 

(Bl) (wy) + (w*2)) «(2*y) = 0; 
(B-2) «xa =0; 

(B-3) «*0= 2; 

(B-4) «xy =0 and yx 2 =O imply x= y. 
(B-5) (wx y)* z= (u@*z) *Y; 


It is easy to show that the following properties are true for a binary algebra. For all x, y, z 
in X: 
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(1) (w* (a *y)) *y = 0; 
(2) ((a * 2) * (y * z)) * (a *y) = 0; 
(3) v* y =0 imply (2x * z) * (y* z) =0 and (z*y) *(z* x) =0. 


A subset A of a binary algebra X is called closed of X if x * y € A whenever x,y € A. A 
non-empty subset A of a binary algebra X is called an ideal of X if it satisfies the following 


conditions: 
(1) OE A. 
(1-2) for any z,y€ X,vxye Aandy€ Aimply cE A. 


On binary algebra (X, *,0). We define a binary relation < on G by putting a < y if and 
only if « * y =0. Let I be an ideal of binary algebra X. Define the relation ~ on X by x ~ y 
if and only if2*y € J and y*x € J. Then the relation ~ is a congruence relation on X. And 
[(O]r = {a € G| « ~ O} is an ideal of G. 

Let ~ be a congruence relation on a binary algebra X and let J be an ideal of X. Define 
[z]r by [e]r ={ye X lary} ={yeX |axyel,yxa € I}. Then the family {[z];: 2 € X} 
gives a partition of X which is denoted by X/I. For any x,y € X, we define [a];0 [y]r = [x*y]r. 
Since ~ has the substitution property, the operation * is well-defined. It is easily checked that 
(X/I, 0°, [O]r) is a binary algebra. Moreover, the set X/TI is called the quotient binary algebra. 

If I is a closed ideal of binary algebra X, then it is clear that [a]; = J for all a in I. 

Let (X,*,0x) and (Y,0,0y) be binary algebras. A (binary algebras) homomorphism is a 
map f: X > Y satisfying f(a * y) = f(x) o f(y) for all zy € X. An injective homomorphism 
is called monomorphism, a surjective homomorphism is called epimorphism and a bijective 
homomorphism is called isomorphism. The kernel of the homomorphism f, denoted by Ker f, 
is the set of elements of X that map to Oy in Y. 


§3. Results 


In this section, we describe properties of binary algebra homomorphism . 
Definition 3.1. Let f be a mapping of a binary algebra X into a binary algebra Y, and 
let TC X and ACY. The image of J in X under f is 


FU) ={f@) | « € Th 
and the inverse image of A in Y is 
f(A) = {a € X | f(x) € A}. 


Next, the basic properties of homomorphism are considered as the following theorem. 
Theorem 3.2. Let f be a homomorphism of a binary algebras X into a binary algebra 
Y. Then 
(i) f(Ox) = Oy. 
(ii) If Ox is the identity in X, then f(0x) is the identity in Y. 
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iii) If J is an ideal of X, then f(JZ) is an ideal of Y. 
iv) If J is a closed of X, then f(J) is a closed of Y. 
v) If A is an ideal in Y, then f~'(A) is an ideal in X. 
vi) If A is a closed of Y, then f~1(A) is a closed of X. 
vii) Ker f is a closed ideal of X. 
viii) f is injective if and only if Ker f = {0}. 
Proof. Assume that f : X — Y is a homomorphism. 
(i) Since Ox * Ox = Ox, then f(0x) = f(Ox * 0x) = f(0x) o f(0x) = Oy. 
(ii) Assume that 0x is the identity in X and Oy the identity in Y. From (B-3), f(0x)o0y = 
Oy and Oy o f(0x) = [f(0x) o f(Ox)] o f(Ox) = f(Ox *0x) o f(Ox) = f(0x) o f(Ox) = Oy. By 
(B-4), we get that f(0x) = Oy. 

(iii) Let I be an ideal of X. We see that 0x € J, and by (i), Oy = f(Ox) € f(J), so 
Oy € f(I). Now, assume that f(x) o f(y) € f(Z) and f(y) € f(z), then f(a * y) € f(Z) and 
f(y) € f(D), so x*xy,y € I. Since I is an ideal of X, x € J, it follows that f(x) € f(). Hence 
f(Z) is an ideal of Y. 

(iv) Let I be a closed of X and z,y € f(Z). That means x = f(a) and y = f(b) for some 
a,bin I. Then soy = f(a) o f(b) = f(axb) € f(1). Thus f(J) is a closed of Y. 

(v) Let A be an ideal in Y. Then Oy € A, we get that 0x = f~1(Oy) € f~1(A). Now, let 
xxy € f(A) and y € f~*(A) for all 2,y € X. Then f(x)o f(y) = f(a*y) € Aand f(y) € A. 
Since A is an ideal of Y, we obtain that f(x) € A. Consequently « € f~!(A), proving that 
f~'(A) is an ideal of X. 

(vi) Let A be a closed of Y and x,y € f~1(A). Then f(x) = a and f(y) = b for some 
a,b€ A. Thus f(a *y) = f(x) o f(y) =ax*b€ A, because A is a closed. Hence x * y € f~1(A). 

(vii) It is clear that Ker f C X. Since f(0x) = Oy, so 0x € Ker f. It follows that Ker f 4 0. 
Let «* y € Ker f and y € Ker f. We get that f(x) = f(x) 00y = f(x) o f(y) = f(a xy) = Oy. 
Thus x € Ker f. Now, we will show Ker f is closed of X. Let x,y € Ker f. Then f(a * y) = 
f(x) o f(y) = Oy 0 Oy = Oy, these imply that x x y € Ker f. Therefore Ker f is a closed ideal 
of X. 

(viii) Suppose that f is injective and x € Ker f. Then f(a) = Oy. Since f(0x) = Oy, so 
f(x) = f(0x). By assumption, 0x. Thus Ker f = 0x. 

Conversely, suppose that Ker f = 0x. Let x,y € X be such that f(x) = f(y). Then we 
get that f(a *y) = f(x)o f(y) = Oy and f(y* x) = f(y) o f(a) = Oy. Thus «*«y,y*a € Ker f, 
this means that x * y = 0x = y* a. From B-4, x = y, and shows that f is injective. 

Theorem 3.3. Let J be a closed ideal of binary algebra X. Defined the map f : X — X/I 
by f(x) = [a];, for all « € X. Then f is epimorphism, we call f is the natural homomorphism 
of X onto X/I. Furthermore, Ker f = I 

Proof. Let I be a closed ideal of binary algebra X and x,y € X. We have that f(a * y) = 
[x * ylr = [z]r 0 [ylr = f(x) ° f(y), proving that f is a homomorphism. Next we will show f 
is surjective, let [x]; € X/I and x € X. Then f(x) = [z];, so f is surjective. Finally, to show 
that Ker f = J, let x € Ker f. We get that [x]; = f(x) = [0]7, then x ~ O. It follows that 
z*0€TJand0x*a € I. By hypothesis, 0 € J. Hence, x € J, this mean Ker f C J. To show 
that I C Ker f, choose x € I. Since I is a closed ideal of X, we have 0 € J. Thus x *0 € I 


96 Suphawat Asawasamarit and Utsanee Leerawat No. 2 


and 0*« J € J. It follows that x ~ 0, so [a]7 = [0];. Since f(x) = [a]; = [0]r, then x € Ker f. 
Accordingly, Ker f = I. 

Theorem 3.4. Let f be a homomorphism of a binary algebra (X,*,0x) onto a binary 
algebra (Y,-,0y) and I be an ideal of X contain in Ker f. Let g be the natural homomorphism 
of X onto X/I then there exists a unique homomorphism h of X/I onto Y such that f = hog. 
Furthermore, h is an injective if and only if J = Ker f. 

Proof. Define the map h: X/I — Y by h([a]r) = f(a) for all [a]; € X/T. 

We first show that, h is well-defined, let [a]7, [b]; € X/I be such that [a]; = [b]r. We get 
that a~ b, soa*xbe€ TJ and bx*xae€TJ. Since J C Ker f, ax b € Ker f and bx a € Ker f. Thus 
f(a) - f(b) = f(a*b) = Oy and f(b): f(a) = f(b* a) = Oy. From B-4, f(a) = f(b). Hence h is 
well-defined. 

We will show that h is homomorphism. Let [a]z, [b]; € X/I. Then h([a]ro[b]r) = h([axb]7) = 
f(a*b) = f(a) - f(b) = h(a]z) - h([b]z). 

Next, to show that f = hog, let a € X. Then (hog)(a) = h(g(a)) = h([a]r) = f(a). Hence 
hog = f. 

Finally, if h’ : X/I — Y is another function such that f = h’og. Let [aly € X/I. The 
equation h([a]r) = f(a) = (h’og)(a) = h'(g(a)) = A’ ({a]r). Thus A([a]r) = A’([a]r), for all 
[a]; € X/I. This completes the proof. 

Now, we will show that h is injective if and only if J = Ker f. Suppose firstly that h is 
injective and a € Ker f. Then A([Ox]r) = Oy = f(a) = h([a]z) and since h is an injective, 
[Ox] = [a]r. It follows that 0x ~ a, then 0x «a € I and a* 0x € I. By hypothesis, 0x € J. 
Hence, a € J, this mean Ker f C J. This show that Ker f = J. 

On the other hand, suppose that Ker f = I and [a];, [6]; € X/JI such that h({a]7) = A([b]z). 
Then f(a) = f(b), it follows that f(a«b) = f(a)- f(b) = Oy. Thus axb € Ker f. Since Kerf = I, 
soax*b € I. Similarly, b* a € I. Hence a ~ 6b, proving that [alr = [b]7. This show that h is 
injective. This completes the proof. And we can describe Theorem 3.4. by the following figure: 


XT 


Next, we state the first isomorphism of binary algebras as the following theorem: 

Theorem 3.5. (First Isomorphism Theorem) 

If f be a homomorphism of a binary algebra (X,*,0x) into a binary algebra (Y,-,0y), 
then the quotient binary algebra X/Ker (@) is isomorphic to ¢(X). 

Proof. Let ¢: X — Y be a homomorphism and let K = Ker(¢) = {a € X | d(a) = Oy}. 
We get that X/K = {[a]x|a € X}, where [alk = {b € X | a ~ b}. From theorem 3.2(vii), we 
have Ker(¢) is an ideal of X. And since [1, Theorem 3.7], (X/K,o,[0]x) is a binary algebra 
and $(X) = {6(a) |a€ X}. 

Assume that f : X/K — $(X) defined by f([a]x) = $(a), where [a]x € X/K. 
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Let [a], [blk € X/K be such that [a]x = [b]x. Then a ~ }, it follows that ax b € K and 
bx a € K. Thus ¢(a) - o(b) = Oy = $(b) - d(a). By (B-4), we get that ¢(a) = $(b). Hence f is 
well-defined. 

Let [alx, [bln € X/K. We get that f([a]x o [b]x) = f([a * x) = o(a* b) = (a) - o(b) = 
f(lalx)- f({b]x). This show that f is a homomorphism. 

Let [a]x,[blx € X/K be such that f([a]x) = f((blx). Then d(a) = (bd), it follows that 
g(a x b) = d(a)- o(b) = Oy. Thus a « b € Ker(¢) = K. Similarly, b+ a € K. We see that a ~ b, 
this mean [a]« = [b]K. Hence f is an injective. 

Let a € ¢(X). Then there exists 6 € X such that a = $(b) and [b]k © X/K. Thus 
f([b]x) = $(b) =a. Therefore f is a surjective, proving our theorem. 


Theorem 3.6. (Second Isomorphism Theorem) 

Let X be a binary algebra. Let A, B be ideals of X. If AU B is a binary algebra, then the 
quotient binary algebras (A U B)/B and A/(AN B) are isomorphic. 

Proof. Let ¢: A — (AU B)/B defined by (x) = [a]g for all x € A. It is obvious 
that @ is well defined. Let [z]g € (AU B)/B. If x € A, then [z]p = ¢(x). If « € B, then 
[z]e = [0]e = $(0). Thus ¢ is onto (AU B)/B. Consider the equation 


o(r*y) = [x*yle 


[ 
[ 


&, 
el 
3) 
=* 


shows that ¢@ is a homomorphism. 


Now let x € Ker(¢). Then we get ¢(x) = [0], so [t]g = [0]p. It follows that x € B. 
Since Ker(¢) C A, so 7 € AM B. Hence Ker(¢) C AN B. On the other hand, let 7 € AN B. 
Then « € B. Thus ¢(x) = [2]e = [0], so x € Ker (¢). Hence AN B C Ker (¢). Therefore, 
Ker(¢) = AN B. Theorem 3.5. immediately gives us that (AU B)/B = A/(AN B). 


Next, we state the third isomorphism theorem of binary algebras. 

Theorem 3.7. (Third Isomorphism Theorem) 

Let X be a binary algebra. Let A and B be ideals of X, with A C BC X. Then 

(i) the quotient B/A is an ideal of the quotient X/A, and 

(ii) the quotient KU-algebra (X/A)/(B/A) is isomorphic to X/B. 

Proof. 

(i) It is clear that B/A C X/A and [0]4 € B/A. Let [z]4 0° [y]a € B/A and [y]a € B/A. 
Then «xy € B and y € B. Since B is an ideal of X, x € B, so [x], € B/A. Therefore, B/A is 
an ideal of X/A. 

(ii) Let 6: X/A — X/B defined by $([z] 4) = [a] 5. Assume that [z]4 = [y]4. Then x ~ y 
determined by A, that is rx y,y*a€ A. Since AC B,xxy,y*xax © B. Thus x ~ y determined 
by B, and hence [z]g = [y|e. Then ¢([z]4) = ([y]4). Therefore, ¢ is well defined. Next, to 
show that ¢ is onto X/B, let [z]p € X/B. If « € X and « ¢ B, then [z]g = G([z] 4). If x € B, 
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then [2] = [0)p = ¢([0]g). Hence ¢ is onto. Consider the equation 


o([z]aolyl4) = O([z* yla) 
= [x*yle 
= [z]polyls 


= ([z]4)° 6([yla) 


shows that ¢@ is a homomorphism. 

Finally, to show that Ker(¢) = B/A, let [z]4 € Ker(¢). Then ¢([z]4) = [0|z, so [z]z = 
[O]e. It follows that x € B. Now we have [a]4 € B/A. Hence Ker(¢) C B/A. Going the other 
hand, let [a], € B/A. We get that ¢([r]4) = [z]5 = [0], since « € B. Thus [a], € Ker@), 
and hence A/B C Ker(¢). Consequently, Ker(¢) = B/A. By Theorem 3.5, (X/A)/(B/A) is 
isomorphic to X/B. 

It turns out that an analogous result of the third isomorphism theorem for groups is also 
true for binary algebras. 
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Abstract Let y = 0.577215... be the Euler-Mascheroni constant, and let Pr = )°7_, i = 


$ In (n? +n+ 3) and Qn = 77-4 t-t In [(n? +n+ ay: = ral . We prove that for all integers 
n> 1, 
: < Pr < ! and : <Q < 
180(n¢)! ~~" ~ 180n4 2835(n+1)8 ~ "7? S 9835n8" 


This provides the higher order estimate for the Euler-Mascheroni constant. 


Keywords Euler-Mascheroni constant, harmonic numbers, inequality, psi function, asymptotic 

formula. 
§1. Introduction and preliminaries 

The Euler-Mascheroni constant y = 0.577215664... is defined as the limit of the sequence 

Dy = Hy, -— Inn, (1) 
where H,, denotes the nth harmonic number, defined for n € N := {1,2,3,...} by 
n 
1 
k=1 


Several bounds for D,, — y have been given in the literature. We recall some of them: 


1 1 
Dn f >2 ({15)); 
a. TFG oT) or n>2 ({15)) 
1 1 
Dn f >1. ({13, 20): 
nth < ¥<5, for n2 ([13, 20]) 
1-y¥y 1 
<Dna-y< for n>1 = ({4]); 
n 2n 
1 1 
ie oT oes ee ; for n>1 ((16, 17); 
2n+% 2n+3 
: D,-y<—— for n>1 (2,7, 16,17) 
n ren= a hg ’ . 
an + BEE = T* on+ 


1 The work is supported partially by the Natural Scientific Research Subsidy Planning Project of the Education 
Department of the Henan Province (2008A110007). 
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The convergence of the sequence D,, to y is very slow. The next step in the study of the 
convergence speed is to find other sequences which converge faster to y. One method is to 
change the logarithmic term in (1). In 1993, DeTemple [4] studied the sequence 


and proved 
1 


24(n + 1)? 


1 
Ry, 2 
. 1 9age (2) 


Recently, Chen 8! obtained a sharp form of the inequality (2) as follows: For all integers n > 1, 
then 


1 
< Ry < 
24(n + a)? — . 


with the best possible constants 
= 1 
/24[-7 + 1 — log(3/2)| 


The second inequality with b = } in (3) comes out from what DeTemple |!! wrote on page 


24(n + b)? (3) 


a 


1 
1=0.55106... and b= oy 


470 of the article. Sintamarian [4 gave results for a generalization of the Euler-Mascheroni 
constant and taken a = 1 in [14, Theorem 3.1, part (iii)], we obtain the second inequality with 
b = 4 in (3). Chen /! proved the second inequality in (3). Moreover, the author showed that 
b= 4 is the best possible. 

In 1997, Negoi [!2] proved that the sequence 


is strictly increasing and convergent to y. Moreover, 


1 1 
<7-Th 
a8(n+ 12 ~. ~*~ aen8 


(4) 


Later, Vernescu |!8] have found a fast convergent sequence to 7, by having the idea to replace 
the last term of the harmonic sum. He proved that the sequence 


Lo, 1 1 


n— 1 gee 1 
pee Tg Og Ot ea ge 
is strictly increasing and convergent to y. Moreover, 
< < : (5) 
Ln, : 
1Q(n+12 12n? 


Recently, Chen !!°] obtained a sharp form of the inequality (5) as follows: For all integers n > 1, 
then 


1 2 Z 1 (6) 
(nta?—? 9" ~ Bin+b)? 
with the best possible constants 
1 
a= ———— — 1 = 0.038859... and b=0. 


V1l2y7-— 6 
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Cesaro [*! proved that for every positive integer n > 1, there exists a number c, € (0,1) such 
that the following approximation is valid: 


“1 1 fs _ en 
pS, 5 n(n +n) Salad 


Entry 9 of Chapter 38 of Berndt’s edition of Ramanujan’s Notebooks [5, p. 521] reads, 


“Let m := ao, where n is a positive integer. Then, as n approaches infinity, 


3 i tin (Oen) +o+ ! : + : s + : 
4k 2 Y" 19m 120m? ' 630m?  1680m? ' 2310m® 
191 1 2833 140051 


360360m® * 30030m?  1166880m8 * 17459442m9 ioe 


For the history and the development of Ramanujan’s formula, see [19]. 
For n €N, let 


“1 1 1 
Py= Soe 5in(n? ent) (7) 


Gaps (8) 


In this paper, we establish the bounds for y — P, and Q, — y. 


and 


k=1 


Before we state and prove the main theorem, we need the following preliminary results. 


The constant y is deeply related to the gamma function I'(z) thanks to the Weierstrass 


formula: 
ee = gyal 
= cad z/k a a Oe 
T2)=— TI} @+3) eC\ 27 = -1,-2,-3,,..1). 
The logarithmic derivative of the gamma function: 
[’ z 
eet ee int(e)= f u(t 
T(z) 1 


is known as the psi (or digamma) function. The following recurrence and asymptotic formulas 


are well known for the psi function: 


YWz+1) = (2) +2 (9) 
(see [1, p. 258], and 


1 1 1 1 . 
w(z) ~Inz ie 12024 ~ 35928 fF... (2 coinlargz| < 7) (10) 


(see [1, p. 259]. From (9) and (10), we get 


ik Loi if Z 
Qn 12n2 ° 120n4 252n6 °° 


v(n+1)~Inn4 (nm — oo). (11) 
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It is also well-known [1, p. 258] that 
Cee a (12) 
k 
k=1 
Alzer ®) proved that let k > 1 and n > 0 be integers, then for all real numbers x > 0: 
S,(2n; 2) < (—1)* 1p) (a) < S,(2n +152), (13) 
where ‘ 
21 
(k-1)!, k#O S big 
Si (p; x) = wk 1 opeti i » Bo; | [ (21+) 2itk? 
i=1 j=l 
B; (i = 0,1,2,...) are Bernoulli numbers, defined by 
: — t 
nr > Bie. 
i=0 
In particular, it follows from (13) that 
1 1. 1 i 1 1 ; 
a 2 ' G8 30e8 * doe? goer 
2 1 i 1 a 1 1 1 
xc 222 623 3025 4227” 
from which it follows that 
1 1 1 1 1 1 ; 
1 
a Og? Oo Sle? * Don? Boar (14) 
Z 1 1 1 1 
a 22? 63 3005 © 4227" 
§2. Bounds for P,, — y 
By (12), we obtain 
P =¢(n+1)—-1 ty ere : (15) 
a Mag aici a n  3n2)- 
It is easy to see that for n > 2, 
1 1 S(-' "7. ay? 
a(1+i+55) = k n  3n? 
k=1 (16) 
af ae: Hig 
on 6n2° 36n4 45n®  81n® ~—-189n7 
Upon substituting from (11) and (16) into (15), we obtain the asymptotic formula: 
1 1 23 1 
Py, ~ ; 1 
1~ ~Tg0nt * 90ne ~ 2a68n8 t ? (= ) eee) (17) 


Motivated by (17), we establish the higher order estimate below. 
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Theorem 1. Let P,, be defined by (7). Then 


1 
180n4 


7<y- P< (n EN). (18) 


180(n + 1) 
Proof. The upper and lower bounds are both obtained by considering the function f 
defined for x > 0 by 


1 1 1 1 4 
f(a) = + slog (a? +2 + 5) ~ 50g (e+ 1)? +245). 


Direct calculations show that 
Pasi — Pa = f (n) 


and 
1 


—f@) = GypiGss3e4 Ge +o47 


To derive the upper bound, we first observe that 


1 1 
(x +1)2(3a? + 32+ DBe24+9e+7) (a+ 4/8 
1728x° + 628824 + 931223 + 70122? + 27082 + 439 


— 0 
O(a + 1)2(3a? + 3a + 1)(3x? + 9x + 7)(2Qx + 1)6 To 


from which it follows that 


Therefore, since f(oo) = 0, 


eae i | Al 
fe) =— f f(a)de <5 | (erie = BRED 


Since 


t/a 1 1 

4 (a as) (k+5)° 
_ 160k® + 480k° + 552k4 + 304k? + 86k? + 14k 4+ 1 
7 4k4(k + 1)4(2k + 1)5 


> 0, 


it follows that 


Altogether then, 


¥— Ph = So (Peri — Pr) = 55 fk) 
k=n kan 


jee 1 1 fe? 1 1 
< < dx = . 
«Gap rae x 180n4 
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To derive the lower bound, we require the inequality 


1 1 
(x + 1)?(38a? + 84+ 1)(827+92%+7) 9(a+1)6 
3x? + 6x + 2 


= > 0, 
O(a + 1)§(3x? + 3x + 1)(8x? + 9x + 7) 


from which it follows that 


and then obtain 


1 se 1 4 fp? 4 1 
7 45 < (h+- 1)?" 45 i x 180(n+ 1/4 


This completes the proof of Theorem 1. 


§3. Bounds for Q, — 7 


By (12), we obtain 


Q Gaia ae eae go (19) 
n-VY=W(n —-In|J{n*>+n+=] -——]. 
Y 4 3 45 
It is easy to see that for n > 3, 
Aj ee oo 
renee 45 
1 2 9 4 
ia al ate 
4 3 3° 45 
1 2 5 2 4 
—Inn+-In(1 20 
Pees 4 "s ( Ss n  3n2 — 3n3 a a) (20) 
i<a(-ij*4* 7s 5 2 Ae 
—] + 
nae roe k(n’ dn Sat 45nA 
1 t 2! it 32 7 alt 
=Inn+ — | - 
"YT on 12n2" 120n2  1620n® ” 945n?  32400n8 nd 


Upon substituting from (11) and (20) into (19), we obtain the asymptotic formula: 


8 1 
Qn-7~ see +0(=) (n > oo). (21) 


Motivated by (21), we establish the higher order estimate below. 
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Theorem 2. Let Q,, be defined by (8). Then 


Pie. ‘1 < zs (n € N) (22) 
3 45|~ ? > 2835n® 


Proof. The lower bound is obtained by considering the function F' defined for x > 0 by 


rte) = wer) fin [( +a ) | : 


8 “1 1 
1 
3835(n + 1) = 25 i” 


45|  2835(x + 1)°" 


Differentiation and applying the right-hand inequality of (14) yields 


1 (a +a+4+ 4)(2¢+1) 16 
P@)= i 1 3 
Z 1 1 i 1 1.3. 1 (#?+a+4 $)(2¢+1) 16 
a 2a? 6rd 30a © 4227 9-2) (a2 +a4+4)2?-k © 945(e +1)? 


3906458548 + 12062825974(a — 4) + 15321695883(a2 — 4)? 
189027 (4524 + 9023 + 75x? + 302 + 4)(a + 1)7 

_ 10943775905(a — 4)? + 4957139255(x — 4)4 + 1503157257(x — 4)° 

189027 (4524 + 9023 + 75x? + 302 + 4)(x +1)? 
310973761 (x — 4)® + 43522339(« — 4)? + 3955161 (a — 4)8 

1890x7 (4524 + 90x3 + 75a? + 30x + 4)(a + 1)7 
211197(« — 4)? + 5040(« — 4)19 

189027 (4524 + 90x23 + 75x? + 302 + 4)(a + 1)7 


<0 for x > 4. 
For n = 1,2,3,4, we compute F'(n) directly: 
F(1) = 0.000113809..., F(2) = 0.000005661..., 
F(3) = 0.000000693..., F(4) = 0.000000138.... 
Hence, the sequence 


i ee.) oa. 8 
Fin) = (oe 1)— jn | (1 tn- ) | 3835(n +1) 


is strictly decreasing for all integers n > 1. This leads to 


F(n) > lim F(n) =0, 


n—oo 


by using the asymptotic formula (21). Hence, the left-hand side of inequality (22) is valid for 
neéeN. 


The upper bound is obtained by considering the function G defined for x > 0 by 


8 
283526 ° 


ate) = weer) jin (# to a = 
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Differentiation and applying the left-hand inequality of (14) yields 


i (++ 3)2e+1) , 16 
2 (a%+at4 3)? _ B 94527 
tf ye ty ik 1 (@+a+3)(QQ¢+1) 16 
z 202" 623 302° ' 4207 3029 2 (a? +a42)2?— 2 * 94527 
_ 720a° + 3842+ — 4802? — 6312? — 2702 — 36 
~——- 270x9(45a4 + 9023 + 75a? + 30x + 4) 
__ 22244 + 61334(x — 2) + 63305(ax — 2)? + 31392(x — 2)° + 7584(ax — 2)4 
7 27019 (4524 + 9023 + 75x? + 302 + 4) 
720(x — 2)5 
27029 (4524 + 9023 + 75x? + 30x + 4) 


> 0 for x > 2. 


G'(a) = y'(2@ +1) 


For n = 1,2, we compute G(n) directly: 
G(1) = —0.002663968..., G(2) = —0.000034559.... 


Hence, the sequence 


CHK a 


‘ i> . a 8 
n° +n- 
3 45 2835n® 


is strictly increasing for all integers n > 1. This leads to 


G(n) < lim G(n) = 0, 
by using the asymptotic formula (21). Hence, the right-hand side of inequality (22) is valid for 
neN. 
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Abstract In this paper I demonstrate a new and original way to apply the representation 
theory of finite groups to the development of a new graph called the inducted character graph. 
I conclude a summary of the relevant method for finding a graph and its properties were studied 
till signed graph. A new finite simple graph I'(G, H) is called the Relative Character Graph 
of a finite group G relative to a subgroup H (RC - graph, in short). (See [3], [4], [6], [7], [8]). 
The vertices of [(G, H) are the complex irreducible characters of G and two vertices ® and 
w, are adjacent if and only if their restrictions ®y and wy contain at least one irreducible 
character 6 of H in common. They also obtained many interesting results giving a criterion 


for connectivity, tree problem, triangulation. 


Keywords Character graph, Brauer graph. 


81. Introduction 


The representation theory of finite groups has found relevance in many applications espe- 
cially in wireless communications and in multiple antenna system. The theory has relevance 
crystals in chemistry to diffraction patterns in physics. 

In the early 40’s, R. Brauer while studying the ordinary irreducible representation and 
the -modular irreducible representation of a finite group G, constructed a simple finite graph. 
Based on that, as a variation, a new character graph is constructed using the vertex set namely 
the set irr G of complex irreducible characters of G, which is the same for Brauer graph. 

Definition 1. The vertices of [(G,H) are the complex irreducible characters of H and 
two vertices 6, and @ are adjacent if and only if the induced characters 0¢ and 6$ contain at 
least one (complex) irreducible character ® of G in common. 

By the Interwining Number Theorem (see eg. [1]), we easily see that the above definition 
of adjacency is equivalent to (Of, 05") = o,<p (61,93) tan (D = a set of double coset repre- 
sentatives of H) and H® = xHx~ positive. Obviously the vertices of [(G,H) and I(G, H) 
are different. However due to same nice symmetry and duality properties which exist between 
induction and restriction such as Frobenius Reciprocity, Mackey’s subgroup theorem, Interwin- 
ing number theorem etc, it is quite interesting to get certain results which are similar to same 
properties of '(G,H), but are also different in some other respects. For details of character 
Theory of Finite Groups, we refer to [5]. 
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§2. Connectivity properties of /(G, H) 
1. When H is a normal subgroup of G, Gnanaseelan proved that [(G, H) is disconnected. 


2. If H is arbitrary, then ['(G, H) is connected if and only if Core gH = (1), where Core cH 
is the largest normal subgroup of G contain in H. We prove below that the ’topological’ 
property of disconnectedness, when H is normal carries through in our I(G, H) graph 


also. 


Main results 

Theorem 1. Let H be a normal subgroup of G. Then I(G, H) is disconnected. Indeed, 
it has as many components as there are orbits of IrrH under the G-action. 

Proof of Theorem 1. Let g € G and @ € IrrH. Then one can construct another 
character 09 € IrrH as follows: 09(s) = 0(gsg—'), s € H. 09 is called the conjugate @ under g. 
Collection of distinct characters of the form 99 as g runs through G is called the orbit of 6 under 


the G - action on, IrrH. (We use the celebrated Clifford’s theory here, concerning restriction 
and induction of characters with respect to a normal subgroup H.) 

(It is known that the two induced characters) 09 and (69)° are equal. Also by the same 
theory, if x is a G-irreducible character belonging to 0°, then the restriction xy is a sum of all 
the distinct conjugates of 6 under the G-action an IrrH and the multiplicities of all the H - 
irreducible constituents are equal. 

It is now clear that if X and ® lie in 0%, then their restrictions to H are of the form 
Uy = €1(0, + Og +--+ +4:). Oy = €2(0, + 2 +--- +) where 6; = 6, 02 = & are the distinct 
conjugates of 9 (members of the orbit of #) and e; and eg are positive integers, which may be 
different. By the same argument if 2 € 0° and w € €% where € is not in the orbit of 0, then 
xy and wy do not have any members of the two orbits of 0 and € are adjacent if and only if 
they belong to the same G-orbit of IrrH. 

Hence it immediately follows that the number of connected components of I(G, H) is the 
same as the number of distinct G-orbits of IrrH. In particular, I(G, H) is disconnected. 

We would like to obtain a characterization of connectivity of I(G,H) as in the work of 
Gnanaseelan. The immediate subgroup that appears to be the best candidate is Nc(H), the 
normalizer of H in G. We propose the following conjecture. 

Conjecture 1. I(G,H) is connected if and only if Ng(H) is a proper subgroup of G. 
(Note that if N¢(H) is the whole of G, then N is normal and by the above theorem, I(G, H) 
is disconnected.) 

The conjecture is well-formulated due to the basic transitivity of induction namely (6/4)°% = 
0% for H C K C G and has been verified in several example. 


§3. I(G, H) for Frobenius groups 


A group G is a Frobenius group if it has a subgroup H with the property that HN H*® = (1) 
for all 2 ¢ H, where H* = xHx~'. Just as these groups give very beautiful results in the TC- 
graph case, the corresponding results in our [(G, H) case is not for behind. 
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Theorem 2. Let G = NH be a Frobenius group. Then I(G, H) is a complete graph. 

Proof of Theorem 2. We recall the Interwining Number Theorem. 

If 0,,02 € IrrH, then (67,09) = oe p (01,93) fray, where D is a set of double cosets for 
Hf. Since G = NF is a semi direct product with N normal, the elements of N can be taken as 
D (and here the usual coset theory will do). By definition, HM H* = (1) for any x € D and 
hence (61,03) (1) = deg@:deg02 # 0. Hence any two elements of IrrH are adjacent. This shows 
that I(G, H) is a complete graph. 

Remark 1. 

We can use the above proof for all cases of subgroups H where HM H* = (1) for some 
x # H. For example, the Dihedral group D2, = C,. H never with H a subgroup of order 2 
is not Frobenius, but satisfies the above condition. Also for prime cyclic groups H the same 
result is true since HM H* = (1) for every x # H. In all the above cases H should not be 
normal, which is of course true in the Frobenius and D2, cases. 

Just like the path Lemma in the ['(G, H) case, which says that ®, U € IrrH belong to the 
same connected component if and only if 6 C Wa* for some s > 1, x = 1y, we can obtain a 
similar result in the [(G, H) case also which can be proved exactly in the same way as in the 
RC-graph version. 

Theorem 3. 61,42 in IrrH belong to the same connected component of I(G,H) if and 
only if OF C 0G ax for some s > 1. 

Even though I(G,H) and ['(G, H) are completely different graphs, there is at least one 
instance where both these graphs are one and the same. 

Theorem 4.!7] Consider the sequence of subgroups 5,1 C S, C Sn41 where S,, denotes 
the symmetric group on n letters. Then I'(S;,,$,—1) is isomorphic to I(Sp41, Sn). 

I(G,H) as signed graphs. Let 61,02 € IrrH be adjacent in I(G,H). Then (0%, 0) is a 
positive integer r we introduce a sign for each edge of I(G, H) as follows: The edge 61, 02 is 
assigned a + sign if r is an even integer and a - sign if r is an odd integer. 


Acharya’s Result 


Theorem 5.!!! Let K, denote the complete graph an n vertices. 
(i) No signed graph Kp, p > 6 is graceful 
(ii) Every signed graph K,, p < 3 is graceful. 
(iii) A signed graph Ky is graceful if and only if the number of negative edges is not 3. 


(iv) A signed graph Ks is graceful if and only if the number of negative edges n is odd, except 
when n = 3 and the 3 negative edges are incident at the same vertex or when n = 7 and 
the 3 +ve edges are incident on the same vertex or n = 5. 


Definition 5. If an injection f assigns distinct labels to the vertices of a (p,m, n) - signed 
graph (p = number of vertices, m = number of +ve edges, n = number of -ve edges) S' from 
{0,1,....¢ = m+n} such that when each edge uv € E(s) is assigned gf(uv) = s(uv)|f(u) — 
f(v)|, the positive edges receive the labels {1, 2, ...,m} and the negative edges receive the labels 
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{—1,-2,...,—n} such a function f, if it exists, is called a graceful labeling of S. The signed 


graph admitting such a labeling is called a graceful signed graph. 


We have proved that every I(G, H) is a naturally signed graph and also, by our Theorem 
2, when G = NF is Frobenius, then I(G, H) is complete. 

In other words, [(G', H) is a complete signed graph. 

We can now use the above general theorem of Acharya et al for the complete graph I(G, H) 
and conclude the appropriate gracefulness or otherwise of the corresponding graphs. 

We give the following example: Let G = Dz, (m odd) = {a, bla” = 1,b? = 1, bab = a+}. 
Let H =< b>. Then it is known that G is Frobenius and hence the graph I(G, H) is complete 
with just 2 vertices. By Theorem 5, I(G, H) is graceful. Likewise, the alternating group Ay is 


Frobenius, with H = cyclic subgroup of order 3. I(A4, H) is complete signed graph K3, which 
must be graceful. Given any prime p, there exists a Frobenius group G of order p(p — 1) with 
the Frobenius complement H, an abelian subgroup of order p— 1. Hence |IrrH| = p— 1 and 
I(G, H) is a complete signed graph with p — 1 vertices. For I[(G, H) is not graceful, according 
to Theorem 5. 

Problem 1. Study gracefulness of arbitrary I(G, H) (which is always a signed graph). 

Problem 2. Introduce a suitable sign for the vertices of [(G, H) to make the graph into 
a (vertex) signed graph. 
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81. Introduction 


The fuzzy concept has invaded almost all branches of Mathematics since the introduction 
of the concept by Zadeh [!°], Fuzzy sets have applications in many fields such as information 
(] and control [°l, The theory of fuzzy topological spaces was introduced and developed by 
Chang ?! and since then various important notions in classical topology have been extended to 
fuzzy topological spaces. Rodabaugh [° discussed normality and the L-fuzzy unit interval. He 
7] also studied fuzzy addition in the L-fuzzy real line. Hoeche |! studied the characterizations 
of L-topologies by L-valued neighbourhoods. An L-fuzzy normal spaces and Tietze extension 
theorem were discussed by Tomash Kubiak !!], The concept of w-open set was studied in [8]. 
The purpose of this paper is to introduce L-fuzzy w-closed, L-fuzzy w-open sets and a new class 
of L-fuzzy topological spaces called L-fuzzy w-extremally disconnected space. In this connection 


several characterizations and some interesting properties are also given. 


§2. Preliminaries 


Definition [2]. Throughout this paper (L, <, ’) stands for an infinitely distributive lattice 
with an order reversing involution. Such a lattice being complete has a least element 0 and a 
greatest element 1. Let X be a non-empty set. An L-fuzzy set in X is an element of the set L* 
of all functions from X to L. 

Definition. The L-fuzzy real line R(L) ©! is the set of all monotone decreasing elements 
d € L® satisfying V { A(t)/teR } = 1 and A { A(t)/tER } = 0, after the identification of A, pu 
e L* iff (t —) =pu(t —) and A(t + ) = p(t + ) for all teR where \( t — ) = A { X(s)/s < 
t } and A(t +) =V { A(s)/s > t }. The natural L-fuzzy topology on R(L) is generated from 
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the subbases {Z,, R:/t € R}, where Ly(A) = A(t — )/ and R(A) = A(t+). The L-fuzzy unit 
interval I(L) |! is a subset of R(L) such that [ \] € I [L] if \( t )=1 for t < 0 and X(t ) = 0 
for t > 1. It is equipped with the subspace L-fuzzy topology. 

Definition [11]. If Ac L~* is crisp, then (A, 74) is an L-fuzzy topological space called a 
crisp subspace of ( X, T ), where T4={ U/A|UET } is called the subspace L-fuzzy topology. 

Definition [8]. A subset of a topological space ( X, T ) is called w-closed in ( X, T ) if 
cl (A ) C U whenever A C U and U is semi-open in ( X, T ). A subset A is called w-open in ( 
X, T ) if its complement, A® is w-closed. 

Definition [12]. Let ( X, T ) be any L-fuzzy topological space. ( X, T ) is called L-fuzzy 
extremally disconnected if the closure of every L-fuzzy open set is L-fuzzy open. 


§3. Characterizations and properties of L-fuzzy w-extremally 


disconnected spaces 


Definition 3.1. Let \ be any L-fuzzy set in the L-fuzzy topological space ( X, T ). Then 
we define 

L-int (A)=V{u/u< A and p is L-fuzzy open }, 

L-l(A)=A{p/ w= X and p is L-fuzzy closed }. 

Definition 3.2. Let \ be any L-fuzzy set in the L-fuzzy topological space ( X, T ). 2 is 
called L-fuzzy semi-open if A < L-cl ( L- int () ). 

Definition 3.3. An L-fuzzy set of an L-fuzzy topological space ( X, T ) is called L-fuzzy 
w-closed in ( X, T ) if L-cl ( A ) < uw whenever \ < yp and p is L-fuzzy semi-open in ( X, T ). 
The complement of L-fuzzy w-closed set is L-fuzzy w-open. 

Definition 3.4. Let ( X, T ) be an L-fuzzy topological space. For any L-fuzzy set A in ( 
X, T ) L-fuzzy w-closure of X ( briefly, Lw-cl ( A )) is defined as Lw-cl (A) =A {pi w>r 
and p is L-fuzzy w-closed }. 

Definition 3.5. Let ( X, T ) be an L-fuzzy topological space. For any L-fuzzy set A in ( 
X, T ) L-fuzzy w-interior of \ ( briefly, Lw-int (  ) ) is defined as Lw-int(A)=V{pi p< 
A and ps is L-fuzzy w-open }. 

Remark 3.1. Let ( X, T ) be an L-fuzzy topological space. For any L-fuzzy set » in ( X, 
T) 


1. 1 — Lw-int (A) = Lw-cl (1 - A). 
2. 1 — Lw-cl ( X ) = Lw-int (1-2). 


Definition 3.6. Let ( X, T ) and ( Y, S ) be any two L-fuzzy topological spaces. A 
mapping f: ( X, T ) > ( Y,S ) is called L-fuzzy w-continuous if f~'( A ) is L-fuzzy w-closed 
in ( X, T ) for every L-fuzzy closed set » in ( Y, S ). 

Definition 3.7. Let ( X, T ) and ( Y, S ) be any two L-fuzzy topological spaces. A 
mapping f: ( X, T ) > ( Y, S ) is called L-fuzzy w-irresolute if the inverse image of every 
L-fuzzy w-open set in ( Y, S ) is L-fuzzy w-open in ( X, T ). 
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Definition 3.8. Let ( X, T ) and ( Y, S ) be any two L-fuzzy topological spaces. A 
mapping f: ( X, T ) > ( Y, S ) is said to be L-fuzzy w-open if the image of every L-fuzzy 
w-open set in ( X, T ) is L-fuzzy w-open in ( Y, S ). 

Definition 3.9. Let ( X, T ) be an L-fuzzy topological space. Let \ be any L-fuzzy w-open 
set in ( X, T ). If Lw-cl ( 2 ) is L-fuzzy w-open then ( X, T ) is said to be L-fuzzy w-extremally 
disconnected space. 

Proposition 3.1. Let ( X, T ) and ( Y, S ) be any two L-fuzzy topological spaces. Then 
f: (X,T)—-(Y,S) is L-fuzzy w-irresolute iff f ( Lw-cl (A) ) < Luw-cl ( f (  ) ), for every 
L-fuzzy set Xin ( Y,S ). 

Proposition 3.2. Let ( X, T ) and ( Y, S ) be any two L-fuzzy topological spaces and let 
f: (X,T) + (Y,S ) be an L-fuzzy w-open surjective function. Then f~!( Lw-cl (A) ) < 
Lw-cl ( f~+ (A ) ), for each L-fuzzy set \ in ( Y,S ). 

Proposition 3.3. For an L-fuzzy topological space ( X, T ) the following statements are 
equivalent: 

(a) (X, T ) is an L-fuzzy w-extremally disconnected space. 

(b) For each L-fuzzy w-closed set A, Lw-int ( » ) is L-fuzzy w-closed. 

(c) For each L-fuzzy w-open set A, Lw-cl ( \ ) + Lw-cl (1 — Lw-cl (2) ) =1. 

(d) For every pair of L-fuzzy w-open sets A and yw with Lw-cl (A) + w = 1, we have 


Lw — cl(\) + Lw — cl(p) = 1. 


Proof. (a) = (b) Let A be any L-fuzzy w-closed set. Then 1 — 2 is L-fuzzy w-open. Now 
Lw-cl (1 — A )= 1 — Lw-int (A). By (a), Lw-cl ( 1 — X ) is L-fuzzy w-open, which implies 
that Lw-int ( » ) is L-fuzzy w-closed. 

(b) => (c) Let \ be any L-fuzzy w-open set. Then 1— \ is L-fuzzy w-closed. By (b), Lw-int 
(1 —. ) is L-fuzzy w-closed. Now 


Lw — cl(X\) + Lw — el(1 — Lw = el(A)) = Lw — cl(A) + Lw — cl(Lw — int(1 — A)) (1) 


Therefore by (1), 


Lw — cl(A) + Lw — el(1 — Lw—el(A)) = Lw—cl(A) + Lw — int(1 — ) 
= LIw-—cl(A)+1—- Lw — al(A) 
= A, 


Therefore, Lw-cl ( A) + Lw-cl (1 —Lw-cl (A) ) = 1. 
(c) = (d) Let \ and yp be L-fuzzy w-open sets with 


Lw —cl(A)+ w=1. (2) 


Then by (c), 1= Lw-cl (A) + Lw-cl (1 — Lw-cl (2) ) 
By (2), 1 — Luw-cl (A) = pw. 
Therefore, Lw-cl ( A) + Lw-cl (uw) =1. 

(d) => (a) Let \ be any L-fuzzy w-open set. Put w = 1 — Lw-cl ( » ). Then clearly pu is 
L-fuzzy w-open and Lw-cl (A) + = 1. Therefore by (d), Lw-cl ( A) + Lw-cl ( uw ) =1. This 
implies that Lw-cl ( 4 ) is L-fuzzy w-open and so ( X, T ) is L-fuzzy w-extremally disconnected. 
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Proposition 3.4. The image ( Y, S ) of an L-fuzzy w-extremally disconnected space 
( X, T ) under L-fuzzy w-irresolute, L-fuzzy w-open and surjective mapping is also L-fuzzy 
w-extremally disconnected. 

Proof. The proof follows from the concepts of L-fuzzy w-irresolute, L-fuzzy w-open maps 
and by the Propositions 3.1 and 3.2. 

Definition 3.10. Let { ( Xa, Ta ) / a€cA } be a family of disjoint L-fuzzy topological 
spaces. Let X = U Xa. Define T = { A € L*/ \ /X,q is L-fuzzy w-open in ( Xq, Ta ) }. 
Then ( X, T ) is an ls faaey topological space called the L-fuzzy topological sum of { ( Xa, Ta) 
/ acd }. 

Proposition 3.5. Let { (Xa, Ta )/ a€A } be a family of disjoint L-fuzzy w-extremally 
disconnected spaces and let ( X, T ) be their L-fuzzy topological sum. Then ( X, T ) is L-fuzzy 
w-extremally disconnected. 

Proof. Let A be an L-fuzzy w-open F, set in (X, T ). Then \/ Xq is L-fuzzy w-open F, in 
(Xa, Ta ). Since ( Xq, To ) is L-fuzzy w-extremally disconnected Lw-clx,, ( A/Xq ) is L-fuzzy 
w-open in ( Xq, Ta ). Now Lw-clx( A )/Xq = Lw-clx,( A/Xa ), which implies that Lw-clx( A 
) is L-fuzzy w-open in ( X, T ).Therefore ( X, T ) is L-fuzzy w-extremally disconnected. 

Proposition 3.6. Let ( X, T ) be an L-fuzzy topological space. Then ( X, T ) is L-fuzzy 
w-extremally disconnected iff for all L-fuzzy w-open set A and an L-fuzzy w-closed set js such 
that A < py, Lw-cl (A) < Lw-int( pu ). 

Proof. Let (X, T) be L-fuzzy extremally disconnected. Let \ be L-fuzzy w-open and ps be 
L-fuzzy w-closed with A < ys. Then by (b) of Proposition 3.3, Lw-int ( 4 ) is L-fuzzy w-closed. 
Also since A is L-fuzzy w-open and A < yp, it follows that \ < Lw-int ( u ). Again, since Lw-int 
( uw ) is L-fuzzy w-closed it follows that Lw- cl ( A) < Lw-int ( u ). Conversely let 1 be any 
L-fuzzy w-closed set. Then Lw-int ( uw ) is L-fuzzy w-open in ( X, T ) and Lw-int (uw) < pw 
. Therefore by assumption, Lw-cl ( Lw-int( 4) ) < Lw-int ( w ). This implies that Lw-int ( 
p ) is L-fuzzy w-closed. Hence by (b) of Proposition 3.3, it follows that ( X, T ) is L-fuzzy 
w-extremally disconnected. 

Remark 3.2. Let ( X, T ) be an L-fuzzy w-extremally disconnected space. Let { \;, 1-4; 
/i€N } bea collection such that is, are L-fuzzy w-open and ps are L-fuzzy w-closed and 
let A, are L-fuzzy w-clopen sets respectively. If A; < A < py and Ay < ps < yp; for alli, j EN, 
then there exists an L-fuzzy w-clopen set y such that Lw-cl (A; ) < y < Lw-int ( ju; ), for all 
ijeN. 

Proposition 3.7. Let ( X, T ) be an L-fuzzy w-extremally disconnected space. Let 
{Ar}req and {p,}req be monotone increasing collections of L-fuzzy w-open sets and L-fuzzy 
w-closed sets of (X, T ) and suppose that Ag, < fg, whenever qi < q2 (Q is the set of all rational 
numbers). Then there exists a monotone increasing collection {7,},cq of L-fuzzy w-clopen sets 
of ( X, T ) such that Lw-cl ( Ag, ) < ( %qo ) and Yq, < Lw-int ( fg.) whenever qi < qe. 

Definition 3.10. Let ( X, T ) be an L-fuzzy topological space. A mapping f: X —— R(L) 
is called lower ( resp. upper ) L-fuzzy w-continuous if f~' (R;) ( resp. f~+ (Lz)) is L-fuzzy 
w-open ( resp. L-fuzzy w-clopen ) for each t € R. 

Proposition 3.8. Let ( X, T ) be any L-fuzzy topological space; let \ € L* and let f: X 
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— R(L) be such that 


1, if t<0, 
I@@=< Me) af O<t< 1, 
0, if ¢>1. 


for all x € X. Then f is lower ( resp. upper ) L-fuzzy w-continuous iff A is L-fuzzy w-open ( 
resp. L-fuzzy w-clopen ). 


Remark 3.2, Proposition 3.7 and Proposition 3.8 can be established by the concepts of 
L-fuzzy w-clopen set, L-fuzzy w-interior, L-fuzzy w-closure and the lemmas given in [13] with 
some slight suitable modifications. 

Definition 3.11. The characteristic function of \ € L* is the map x) : X — I(L) defined 
by x, (x) = (A(x) ), x € X. 

Proposition 3.9. Let ( X, T ) be an L-fuzzy topological space and let \ € L*. Then y, 
is lower ( resp.upper ) L-fuzzy w-continuous iff A is L-fuzzy w-open ( resp. L-fuzzy w-clopen ). 

Proof. The proof follows from Proposition 3.8. 

Definition 3.12. Let ( X, T ) and ( Y, S ) be any two L-fuzzy topological spaces. A 
mapping f: ( X, T )— ( Y, S ) is called strong L-fuzzy w-continuous if f~!( A ) is L-fuzzy 
w-clopen set of ( X, T ) for every L-fuzzy w-open set » of ( Y, S ). 

Proposition 3.10. Let ( X, T ) be an L-fuzzy topological space. Then the following 
statements are equivalent : 

(a) ( X, T ) is an L-fuzzy w-extremally disconnected space. 

(b) If g, hh: X — R(L) where g is lower L-fuzzy w-continuous, h is upper L-fuzzy w-continuous, 
then there exists f € CLw ( X ) such that g < f < h. [ CLw ( X ) = collection of all strong 
L-fuzzy w-continuous functions on X with values in R (L)]. 

(c) If 1—A, we are L-fuzzy w-clopen sets such that  < A then there exists a strong L-fuzzy 
w-continuous function f : X— I(L) such that uw < (1— L1)f < Rof < A. 

Proof. (a) = (b) can be established by the concept of L-fuzzy w-clopen set and the 
Theorem 3.7 of Kubiak [11] with some slight suitable modifications. 

(b) => (c) Suppose \ is L-fuzzy w-clopen and y is L-fuzzy w-open such that ~ < ». Then 
Xp < x where X,,, are lower and upper L-fuzzy w-continuous respectively. Hence by (b), 
there exists a strong L-fuzzy w-continuous function f: X — R(L) such that, y, <f < x). 
Clearly f( x ) € I(L), for all x € X and pw = (1— Li) x, < (1-h) f < Rof < Rox, = B. 
Therefore w < (1— L1)f < Rof < X. 

(c) = (a) (1 —Ly )f and Rof are L-fuzzy w-clopen sets. By Proposition 3.6, ( X, T ) is 
an L-fuzzy w-extremally disconnected space. 

Proposition 3.11. Let ( X, T ) be an L-fuzzy w-extremally disconnected space and let 
A Cc X be such that y4 is L-fuzzy w-open. Let f: (A, T/A) —— I(L) be strong L-fuzzy 
w-continuous. Then f has a strong L-fuzzy w-continuous extension over ( X, T ). 

Proof. Let g, h: X — I(L) be such that g = f= hon A and g(x) = (0), h (x )= (1) if 
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x ¢ A. We now have 
Lt \ XA; if t>0, 
fi if t<0. 


Rig => 


where jp; is L-fuzzy w-open and is such that p;/A = Rf and 


MAXA, if t<1, 
1, if t>1. 


Lyh= 


where A; is L-fuzzy w-clopen and is such that A,/A = Lf. Thus g is lower L-fuzzy w-continuous 
h is upper L-fuzzy w-continuous and g < h. By Proposition 3.10, there is a strong L-fuzzy w- 
continuous function F: X — I(L) such that g < F < h. Hence F = fon A. 
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Abstract In this paper, A mathematical model of two species with stage structure and 
distributed delays is investigated, the necessary and sufficient of the stable equilibrium point 
are studied. Further, by analyzing the associated characteristic equation, it is founded that 


Hopf bifurcation occurs when 7 crosses some critical value. 


Keywords Hopf bifurcation, time delay, predator-prey system, equilibrium point. 


81. Introduction 


In recent years, the dynamical behaviors of population models with time delay has drawn 
much attention from researchers. 


In this paper, we consider a predator-prey model with discrete and distributed delays 


z(t) = a(t)[a — be(t— 7) — cf", F(t— 8)y(s)ds], 


' (1) 
y(t) = y(t)[-a + ka(t— 7) — By), 


where x(t) and y(t) is called the population densities of prey and predator at time t, a denotes 
the intrinsic growth rate of the prey, a denotes the death rate of the predator. f(t) = re~". 
In this paper, we will take the delay 7 as the bifurcation parameter. And in Section 2, results 
on positivity and boundedness of solutions are presented. In Section 3, by analyzing the cor- 
responding characteristic equations, we discuss the local stability of equilibria, and study the 
existence of Hopf bifurcation. 


§2. Positive and bounded 


We define a new variable as 


z(t) = i re") y(s)ds. 


—oo 
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Then using the linear chain trick technique, system (1) can be transformed into the follow- 


ing equivalent system 


Y(t) = y(t)[—a + ka(t — 7) — By()], (2) 
2(t) = r(y(t) — z(t))] 
x(0) > 0,4(0) > 0, 2(0) 2 0 (3) 


Theorem 1.!") The solution of system (2) with initial conditions (3) are positive for all 
t> 0. 


§3. Existence of Hopf bifurcation 


In this section, we mainly study the stability of positive equilibrium and the existence of 
a Hopf bifurcation at the positive equilibrium. 

(H,) ka —ab> 0. 

(H2) 08 > ck. 

If the hypothesis (H;) is satisfied, then the system (2) has a unique positive equilibrium 
E*(a*,y*,2*), where y* = 2*, and 


gt — wht co «  ka—ab 
~ ch+ Bb och + bp 
Let E = (%,¥,2) be any arbitrary equilibrium. Then the characteristic equation about E 
is given by 
d+ bre->* 0 CE 
—kye~*T A+ 89 0 |=0. 
0 —T A+r 
Immediately, we can get 
v3 + AX? + BA+ Ed2e-*7 + Dde-*? + [C + Fle** =0, (4) 


where A= r+ 69, B = Bry, C = bbrzy, D = brz + boxy, E = bz, F = ckrzy. 

Theorem 2. If (H;) and (Hg) are satisfied, then the equilibrium E* of system (2) is 
asymptotically stable when 7 = 0. 

Proof of Theorem 2. Following from the Routh-Hurwize we can get 

(1) Mm, =A+E>0, 

(2) Mz = (A+ E)(B4+ D)-(C+F)>0, 

(3) M3 = (C+ F)[(A+ E)(B4+ D)-(C+F)] > 0. 

So, the theorem is proved. 


We suppose im(a@ > 0) is a root of equation (4), so @ satisfies 


-iw® — Aw? + Boi — Ew?e'*’ + Diwe'*7 + (C+ F)e'*" =0. (5) 
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Separating the real and imaginary parts, we get 


Dacoswr + [Ew? —(C + F)|sinwr = w — Ba, 


(C+ F — Ew’) coswr + Dasinwr = Aw’. 


As is known to all, sin? + cos?@r = 1, we can obtain the following equations 
w+ Ayo? + Apw® + Ago* + Aso? + As = 0, (6) 
where 
2D? —4CE —2EF4— E* 
A= A 
a 4C? + F? + 2A?D? + 6CF +2BC + 4CE? — 2BD? — 2A°CF — 2D? E? —4E°F 
2 — 
E2 
B?D? + (A? — 6E2)(C + F)? + 4C2D°2E + 4D2EF — 4BC? — 4BCF — 2BF?— 
A3 = RE 
2CEF — D4 
a 
A, — BUC +E) +WCEF(C + F) + 407E + 4EF? — 207D? - 4CD?F 
4 — 
E2 
(C+F)*((C — F)? +] 
Ay = 
E2 
Let 0 = w?, (6) becomes 
6° + A,6* + Agd® + As? + AsO + As = 0. (7) 
Let 
G(0) = 6° + A, 6* + A26° + AsO? + AgO + As. (8) 


Because G(0) = As < 0, jim G(@) = +00, equation (7) has at least one positive real root. 
— CO 
Generally, we assume equation (7) has five positive roots, defined by 61, 02,03, 04,65, re- 


spective, (6) has five positive roots @, = 01, @2 = V02, w3 = V03, wa = VO4, Ws = VO5. 
So, we can denote 


F 1 { Dw? (mw? — B) + Aw? (C+ F — Ew?) + 2nj} 
7? = —({arccos TI}, 
1 oy (Dm)? +(C+F — Ew)? : 
where i = 1,2,--- ,5,7 =0,1,2,---, then +a; is a pair of purely imaginary roots of (6) with 
7). Define 
To = eA = panin {77}, WO = Wig 


T=To 


dx 
(H3) Re(—) sy =0. 
T 
Taking the derivative of A with respect to 7 in (5), we can obtain: 


dy _ [EA\? + D\? + (C+ F)Ale*7 
dr 3424+ 2A\+ B+ (2E\+4+ D)e —[Fd2+ DA4+(C4+ F)ltre™ 


Obviously 
GN” SP BAKE REO Die st = 


dr  —s [E38 + DN? + (C+ F)\e** x 
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dA. \_, dX . 
Noting that sign{ Re( a sign{ Re(—— [rr ae 80 
rT T 
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Re( — 2 
e( dt T=TO 
(C+ F — Ew?)wsinwr — Dw? cos wt]? + [(C + F — Ew?) coswt + Dw? sin wt]? 


ON nniew 
3Eqo° sin wr + Dw* cos mt — 2E?w* + 2ADw? sin wr — (4C + 3F)w? sin wr 
2E(C + F)w? — D?m? + (AC + 2AF) a? cos wr 

| F — Ew) coswr + Dw? sin wr]? | 


C4 P= Bata snr — Dat cosa + (C4 


Lemma 1./! Consider the exponential polynomial 


P(d,e7*, ae 2) 
= Ap pO arty... t pO A+ pO) + pPar tse... + pO rt pOerr 
peeceipy yar besitp Ae ee 


where 7 > O(i = 1,2,---,m) and aC = 1,2,---,m;j = 1,2,---,n) are constants. As 
--»,e7*7™) on the open right 


(T1,72,*** Tm) vary, the sum of order of the zeros of P(A, e7*”, 
half plane can change only if a zero appears on or crosses the imaginary axis. 


So, we can obtain the following theorem: 
Theorem 3. Assume equation (7) has at least one positive real root and (H3) is satisfied, 


then the following results hold true: 
(1) The positive equilibrium E* of the system (2) is asymptotically stable for 7 € [0, 79); 


(2) The positive equilibrium E* of system (2) undergoes a Hopf bifurcation when T = 7, 
that is, system (2) has a branch of periodic solutions bifurcating from the positive equilibrium 


E* near T = 7. 


84. Numerical example 


Example 1. 
a(t) = 2(t)[1 — a(t — 7) — $2(t)], 
Y(t) = y(t)[-1 + 2a(t — 7) — 8y(t)], (9) 
2(t) = 2(y(t) — 2(t)) 
Which has a positive equilibrium E* (0.8750, 0.2500, 0.2500), and we obtain 7? = 2.2897 + 
9.86707(7 = 1,2,---), and the wo = 0.6368, 7 = 2.2897, X’(7) = 0.1554 — 0.15572, so the 
hypothesis of (H3) holds. E* satisfies the conditions of Theorem 3. 
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0 100 200 300 400 500 0 100 200 300 400 500 
fig1 t t 


0 
0 100 200 300 400 500 
fig2 t 


where figl. 7 = 0.4 < 7, the positive equilibrium is stable, fig2. 7 = 3 > 70, oscillation 
solution. 
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Abstract In this paper, we use the elementary method to study the properties of pseudo 
Smarandache function U;(n), and obtain some interesting identities involving function U;(n), 


and for any fixed integer n, offer a method of calculating of the infinite series )> 7°, U:(n). 
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81. Introduction and result 
For any positive integer n and U;(n) fixed t > 1, we define function 
U,(n) = min {1' + 2° 4+ 3'+---+n' +k, n|m, ke Nt, te Nth, 


where n € N*, m € N*t. Wang Yu studied the properties of pseudo Smarandache function 
U;,(n), and obtained calculation of the infinite series 


>); > el2); S U;(3). 


In this paper we use the elementary method to study the calculating of the infinite series 


ss U,(n), 


where n > 4, obtain calculation of the infinite series }77°, U:(4), S>72, Uz(5), and for any fixed 
integer n, we offer a method of calculating the infinite series }77°, U;(n). 

Theorem 1. For any real positive integer s, we have 
1 1 1 1 1 1 1 1 1 1 


(n) =1+(2 Qs 38 5a )(1 5s 


: 


i=l 


Sle 


Theorem 2. For any real positive integer s, we have 
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No. 


§2. Some lemmas 


Lemma 1. If S;,.( 


n) 


ie &”, then 


1 1 1 1 1 1 1 
Si(n) = =n? + =n, So(n) = <n? + =n? + g™ 53(n) = <n4 + =n3 + —n?, 


2 


2 


3 2 


ifr € Z, let S,(n) = 0, when r > 4, and r € Z, we have 


_ i r+1 | 1 - 4 3r r-1 | rr — 1) r—2 
BA ge eg 
eH DG He) ge RT) 
So -60 mm Sr-2(n) 


1 


Sy t |) GFDG+20G+3)0G4+49 0 


i=l 8+ 3 


Proof. See reference [1]. 


Lemma 2. For any positive integer n, we have 


n 


3 


O°? 


Tm 
15? 


Proof. (1) If n = 0(mod 30), then we have n = 30h, (hi = 1, 2, 3,---), 


n(n +1)(2n + 1)(3n? + 38n — 1) 


if n = 0(mod 30), 

if n = 1(mod 30), or n = 29(mod 30), or n = 7(mod 30), 
or n = 23(mod 30), or n = 11(mod 30), or n = 19(mod 30), 
or n = 13(mod 30), or n = 17(mod 30), 

if n = 2(mod 30), n = 28(mod 30), or n = 4(mod 30), 

or n = 26(mod 30), or n = 8(mod 30) or n = 22(mod 30), 
or n = 14(mod 30), or n = 16(mod 30), 

if n = 3(mod 30), or n = 27(mod 30), or n = 9(mod 30), 
or n = 21(mod 30), 

if nm = 5(mod 30), or n = 25(mod 30), 

if n = 6(mod 30), or n = 24(mod 30), or n = 12(mod 30), 
or n = 18(mod 30), 

if n = 10(mod 30), or n = 20(mod 30), 

if n = 15(mod 30), 


30 


so 


if and only if U4(n) = 


n | 


aL 
30° 


n(n +1)(2n + 1)(3n? + 3n — 1) 
30 


t U,(n), 


(2) If n = 1(mod 30), then we have n = 30h, +1 (hi = 1, 2, 3,---), 


n(n + 1)(2n + 1)(3n? + 3n— 1) 


30 


= (2700h$ +90h?)(30h1+1)(60h, +1) — (1800h3? +60h7+31h1), 


= (30h1 +1)(15hy + 1)(20h1 + 1)(540h7 + 54h1 + 1), 
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* 7 n(n +1)(2n + 1)(3n? + 38n — 1) 
30 
if and only if Us(n) =n. 
If n = 29(mod 30), then we have n = 30h; + 29 (hi = 1, 2, 3,---), 


t U4(n), 


n(n + 1)(2n + 1)(3n? + 3n — 1) 
30 


= (30h; + 29)(hy + 1)(60hy + 59)(2700h? + 5310h1 + 2609), 


* je n(n + 1)(2n + 1)(3n? + 38n — 1) 
30 
if and only if Uy(n) =n. 
(3) If n= 2(mod 30), then we have n = 30h + 2 (hi =1, 2, 3,---), 


t U4(n), 


—5h1 (30h, + 2)(12h; + 1) + 61 (30h, + 2) + (15h, + 1), 


so 
n(n +1)(2n + 1)(3n? + 38n — 1) 
n | 
30 
if and only if Us(n) = §. 
If n = 28(mod 30), then we have n = 30h; + 28 (hi = 1, 2, 3,---), 


t U4(n), 


n(n + 1)(2n + 1)(3n? + 3n— 1) 


30 
= (15h, + 14)(30h, + 29)(20h;, + 19)(30h, + 28)(18h1 + 17) 
+(15h1 + 14)(30h,1 + 28)(20A1 + 19)(12h1, + 11) + (30h; + 28)(12h1 + 11)(10h1 + 9) 
+(6h1 + 5)(30h1 + 28) + (15h; + 14), 


so 
n(n +1)(2n + 1)(3n? + 38n — 1) 
30 


n | 


if and only if U4(n) = §. 
(4) If n = 3(mod 30), then we have n = 30h; + 3 (hi =1, 2, 3,---), 


t U4(n), 


n(n + 1)(2n + 1)(3n? + 3n — 1) 
30 


+8h1 (30h; + 3) + (20h, + 2), 


so 
al n(n + 1)(2n + 1)(3n? + 3n — 1) 
30 
if and only if Us(n) = 3. 


+ U,(n), 
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If n = 27(mod 30), then we have n = 30h; + 27 (hi = 1, 2, 3,---), 


n(n + 1)(2n + 1)(3n? + 3n — 1) 
30 
= (10h; + 9)(15h; + 14)(12h; + 11)(30A1 + 27)(90A1 + 84) 


—(12h, + 11)(30h, + 27)(5hy + 4) = (30h1 + 27)(8hy _ 7) _ (10h4 + 9), 


so 
is n(n +1)(2n + 1)(3n? + 38n — 1) 
30 
if and only if Us(n) = 3. 
(5) If n = 4(mod 30), then we have n = 30h; + 4 (hi = 1, 2, 3,---), 
n(n + 1)(2n + 1)(3n? + 3n — 1) 


30 
= (15h, + 2)(6hy + 1)(20h, + 3)(90hy + 15)(30h, + 4) 


~(6hy +1)(30h1 + 4)(10hy + 1) — 3h1 (30h, + 4) — (15h, +2), 


t U4(n), 


so 
n(n +1)(2n + 1)(3n? + 38n — 1) 


30 


n | 
if and only if Us(n) = §. 
If n = 26(mod 30), then we have n = 30h; + 26 (hi = 1, 2, 3,---), 


n(n + 1)(2n + 1)(3n? + 3n— 1) 


+ U4(n), 


30 
= (15h; + 13)(10A, + 9)(60h1 + 53)(18h1 + 16)(30h1 + 26) 
+2(6h, + 9)(15hy + 13)(10h; + 9)(30h, + 26) + (5h, + 4)(30h1 + 26) (6h; + 5) 
+(3h,1 + 2)(30h1 + 3) + (15h1 + 13), 


a ‘i n(n +1)(2n + 1)(3n? + 3n — 1) 
30 
if and only if Us(n) = $. 
(6) If n= 5(mod 30), then we have n = 30h; +5 (h; =1, 2, 3,---), 
n(n + 1)(2n + 1)(3n? + 3n — 1) 
30 
= 2(6hy + 1)(5hy + 1)(2700h? + 990h, + 89)(30h; + 5) 


+ U4(n), 


so 
| n(n +1)(2n + 1)(3n? + 38n — 1) 
30 
if and only if Us(n) = . 
If n = 25(mod 30), then we have n = 30h; + 25 (hy = 1, 2, 3,---), 
n(n + 1)(2n + 1)(3n? + 3n — 1) 


30 
= (6h, +5)(15hy + 13)(20hy + 17)(90hy + 78)(30h, + 25) 


—(6h, +5)(10h1 + 8)(30hy + 25) — (5h, + 4)(30h1 + 25) — (6h: +5), 


t Us(n), 
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sO 


n(n +1)(2n + 1)(3n? + 3n — 1) 


if and only if U4(n) = 


2. 
(7) If n= 6(mod 30), then we have n = 30h; + 6 (hi = 1, 2, 3,---), 
n(n + 1)(2n + 1)(3n? + 3n — 1) 
30 
(5hy + 1)(30h; + 6)(60h1 + 13)(540h7 + 234h, + 25) 


2(5h1 + 1)(30h, + 6)(540h? + 234h1 + 25) + (5A, + 1)(18h1 + 4)(30h1 + 6) 
(30h, + 6)hi + (5h1 +1), 


so 


n(n + 1)(2n + 1)(3n? + 38n — 1) 


if and only if Us(n) = *. 


If n = 24(mod 30), then we have n = 30h; + 24 (hi = 1, 2, 3, 


-), 
n(n + 1)(2n + 1)(3n? + 3n — 1) 


30 
2(5h1 + 4)(6hy + 5)(30h1 + 24)(2700h7 + 4410h1 + 1799) 


+(5hy + 4)(6hy + 5)(90R, + 75)(30h1 + 24) — hy (30h, + 24) — (25h, + 20), 


so 


n(n + 1)(2n + 1)(3n? + 38n—1) | 
n | 30 | Us(n), 


if and only if Us(n) = %. 


(8) If n= 7(mod 30), then we have n = 30h, +7, (hi =1, 2, 3, 
n(n +1)(2n + 1)(3n? + 38n — 1) 
30 
if and only if Ug(n) = n. 

If n = 23 


ov) 


= (30h, +7)(15hy + 4)(4h, + 1)(2700h7 + 1350h, + 167), 
1 


(mod 30), then we have n = 30h; + 23 (hi = 1, 2, 3,---), 
n(n + 1)(2n + 1)(3n? + 3n — 1) 
30 

if and only if Ug(n) = n. 


= (30h1 + 23)(5hi + 4)(60h1 + 47)(540h? + 846h1 + 333), 


(9) If n = 8(mod 30), then we have n = 30h + 8 (hi = 1, 2, 3, 


+), 
n(n + 1)(2n + 1)(3n? + 3n — 1) 


0 


-2(15hy + 4)(10hy + 3)(30h, + 18)(12hy + 29) + (15hy + 4)(4hy + 9)(30h, +8) 
H(12h, + 7)(30h1 + 8) + (15hy + 4), 


sO 


n(n +1)(2n + 1)(3n? + 38n — 1) 
n | 30 + U4(n), 
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if and only if U4(n) = 


Bs 
If n = 22(mod 30), then we have n = 30h; + 22 (hi = 1, 2, 3, 
n(n + 1)(2n + 1)(3n? + 3n— 1) 
30 
(15h; + 11)(4h, + 3)(30h, + 22)(2700h? + 4050h; + 1517) 


+(15h; + 11)(4h1 + 3)(90h1 + 69) (30h, + 22) — (2hy +1)(30hy + 22) — (15h, +11), 
so if and only if U4(n) 


9 


n 


2 


(10) If n = 9(mod 30), then we have n = 30h1 + 9 (hi = 1, 2, 3,---), 


n(n + 1)(2n + 1)(3n? + 3n — 1) 
30 
2(10h + 3)(3h1 + 1)(30h1 + 9)(2700h7 + 1710h; + 269) 


+(3h1 + 1)(10h1 + 3)(90h; + 30)(30h1 + 9) — hi (30h, + 9) — (10h; +3), 


so 


n(n +1)(2n + 1)(3n? + 38n — 1) 
n | 30 + Ua(n), 


if and only if Us(n) = 3. 


If n = 21(mod 30), then we have n = 30h; + 21 (hi = 1, 2, 3,---), 


30 
2(10hy + 7)(15hy + 11)(30A; + 21) (540A? + 74h, + 277) 


+(10h1 + 7)(15h1 + 11)(18hy + 13)(30h1 + 21) + (5h1 + 3)(6hy + 4)(30h1 + 21) 
+(4hy + 2)(30hy + 21) + (20h, + 14), 


so if and only if U,(n) = 2 


- 
(11) If n = 10(mod 30), then we have n = 30h; + 10 (hy = 1, 2, 3,---), 
n(n + 1)(2n + 1)(3n? + 3n — 1) 
30 


—(3hy + 1) (20h1 + 7)(30h1 + 10) _ 2h1(30h1 + 10) = (21h4 + 7), 


sO 


n(n + 1)(2n + 1)(3n? + 38n — 1) 
n | 30 + U4(n), 


if and only if Us(n) = 74. 


If n = 20(mod 30), then we have n = 30h; + 20 (hi = 1, 2, 3, 


+), 
n(n + 1)(2n + 1)(3n? + 3n— 1) 


30 
(10h; + 7)(60hy + 41)(3hy + 2)(90h1 + 63)(30h1 + 20) 


—2(10h1 + 7)(3h1 + 2)(30hy + 20) — hy(30h1 + 20) — (20h; + 14), 


so if and only if U4(n) = ae 
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(12) If n = 11(mod 30), then we have n = 30h; + 11 (hi = 1, 2, 3,---), 
n(n + 1)(2n + 1)(3n? + 3n — 1) 
30 
if and only if Ug(n) = n. 
If n = 19(mod 30), then we have n = 30h; +19 (hi = 1, 2, 3,---), 


= (30h; + 11)(2h; + 2)(60h, + 23)(540h? + 378h1 + 79), 


n(n +1)(2n + 1)(3n? + 38n — 1) 
30 
if and only if Ug(n) =n. 
(13) If n = 12(mod 30), then we have n = 30h; + 12 (hi = 1, 2, 3,---), 


= (30h, + 19)(3hy + 2)(20hy + 13)(2700h? + 3510h, + 1139), 


n(n +1)(2n + 1)(3n? + 3n — 1) 
30 
= (5h, + 2)(30h, + 12)(12h, +5)(2700A7 + 2250h, + 467) 


+(5hy + 2)(12h1 + 5)(90hy + 39) (30h + 12) — 2h1(30h1 + 12) — (25h1 + 10), 


sO 


| n(n + 1)(2n + 1)(3n? + 38n — 1) 
n 
30 


if and only if Us(n) = *. 


If n = 18(mod 30), then we have n = 30h; +18 (hi = 1, 2, 3,---), 


+ U4(n), 


n(n +1)(2n + 1)(3n? + 3n — 1) 
30 
= (5h, + 3)(30h1 + 18)(60h1 + 39) (540h7 + 666h1 + 205) 


+(5hy + 3)(18hy + 11)(30h, + 18) + (2h; + 1)(30h; + 18) + (5h, +3), 


bn 


so if and only if Us(n) = 4 
(14) If n = 13(mod 30), then we have n = 30h; + 13 (hy = 1, 2, 3,---), 
n(n + 1)(2n + 1)(3n? + 3n — 1) 
30 
if and only if Us(n) =n. 
If n = 17(mod 30), then we have n = 30h, +17 (hi = 1, 2, 3,---), 


= (30h, + 13)(15hy + 7)(20h, + 19)(540h? + 486A, + 109), 


n(n + 1)(2n + 1)(3n? + 38n — 1) 
30 
if and only if Ug(n) =n. 
(15) If n= 14(mod 30), then we have n = 30h; + 14 (hi = 1, 2, 3,---), 


= (30h, +17)(5h; + 3)(12h, + 7)(2700h2 + 3510h, + 917), 


n(n + 1)(2n + 1)(3n? + 3n — 1) 
30 
= 2(15h; + 7)(2hy + 1)(30h, + 14)(2700h7 + 2610h, + 629) 


+(15h4 + 7)(2hy + 1)(90h4 + 45)(30h1 + 14) _ hy (30h1 + 14) _ (15h4 + 7), 


so 
n(n +1)(2n + 1)(3n? + 38n — 1) 


e| 30 


+ U4(n), 
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if and only if Us(n) = §. 


If n = 16(mod 30), then we have n = 30h; + 16 (hi = 1, 2, 3,---), 
n(n +1)(2n + 1)(3n? + 3n — 1) 
30 
= (15h +8)(30h1 + 16)(20h1 + 11)(540h7 + 594h1 + 163) 


+(15h, + 8)(20hy + 11)(18hy + 10)(30h, + 16) + (10h, +5)(30h, + 16)(6h, + 3) 
+(3h4 + 1)(30h1 + 16) + (15h1 + 8), 


so if and only if Us(n) = $. 


(16) If n = 15(mod 30), then we have n = 30h; + 15 (hy = 1, 2, 3,---), 
n(n + 1)(2n + 1)(3n? + 38n — 1) 


30 
2(15hy + 8)(2h1 + 1)(30hy + 15)(2700h? + 2790h, + 719) 


+(2h, + 1)(15hy + 8)(90h, + 48)(30h, + 15) — hy (30h, + 15) — (16h, + 8), 


so if and only if U4(n) = m, 


Lemma 3. For any positive integer n, we have 


, if n=O(mod 12), or n = 1(mod 12), or n=11(mod 12), 
el or n = 3(mod 12), or n = 9(mod 12), or n = 4(mod 12), 
d a” 7 or n = 8(mod 12), or n= 5(mod 12), or n = 7(mod 12), 
5 if n=2(mod 12), n= 10(mod 12), or n= 6(mod 12), 


Proof. Using the same method of Lemma 1, we can complete the proof of Lemma 2. 


§3. Proof of the Theorem 1 


In this section, we shall use the Lemma 1 to complete the proof of the theorems. First we 
prove Theorem 1. For any real number s > 1, we have 


s n\s n\s 
i=1 i=1 30 ue i=l (3) i=l (3) 
n=30h, n=30h;4+1 n=30h,+2 n=30h14+3 
foe) Co foe) 
oS 1 1 1 1 
~Yor yo Yet be 
i=l 2 i=l 5 i=l 6 i=l 
n=30h,+4 n=30h,+5 n=30h,+6 n=30h14+7 
foe) Co Co 
— 1 i 1 1 
+o Det YL ome YG 
i=1 2 i=1 3 i=1 10 i=l 
n=30h1+8 n=30h1+9 n=30h,+10 
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+ Dy weet Dy Get DD geet Dy wa 
i=1 (e) i=1 a i=1 (3) i=1 (43) 
n=30h1 +12 n=30h1 +13 n=30h,+14 n=30h1 +15 
* SD, weet Do ak Do tap DY 
i=l (5) j=l " i=l () i=l . 
n=30h,+16 n=30h,+17 n=30h,+18 n=30h,+19 
=~ 1 = 1 =~ 1 = iL 
* Dy gee. 2 gape os waa De & 
i=1 (a9) i=1 (3) i=1 (3) i=1 me 
n=30h,+20 n=30h,+4+21 n=30h,+22 n=30h,+23 
= 1 = 1 ia 1 = 1 
t Doe Gee DG. ag Dy “eg. es 
i=1 (e) i=1 (5) i=1 (3) i=1 (3) 
n=30h1+24 n=30h1+25 n=30h1 +26 n=30h1+27 
> Dy. Geet Do “oe 
i=l (5) j=1 ‘s 
n=30h1 +28 n=30h1+29 
=x. A 1 if 1 il 1 1 1 
— = 1 1 1 1 1 1 1 
ey = Tee =a tee) 
1 1 1 1 1 1 1 1 
-(1 1 1 1 1 1 
(1-50-24 50-24 0-4 Ag) 
1 1 1 1 1 1 1 1 1 1 
= 1 2 t 1 2 1 1 2 : 
$Q- Stel B+ G@- wa) tO GI WIA w) 


This completes the proof of Theorem 1. 
Using the same method, we can completes the proof of Theorem 2. In addition, by Theorem 


1 and Lemma 1, and for any fixed integer n, we can obtain the calculating of the infinite series 


pa U;(n). 
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